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Over the years, investors have looked for techniques that would increase the returns on their investments while lowering the inherent risks. At any time, a person can invest in a wide range of securities, including stocks, bonds, treasury bills, futures, etc. Each of these securities carries some expected returns, and at the same time presents risks of losses. Evidently, a person interested in maximizing his expected returns, irrespective of all other concerns, would invest entirely in the one security that offers the highest expected returns. Unfortunately, this would be extremely risky, since any decrease in the value of this one security would result in an equal decrease in the value of the portfolio.

Conventional wisdom has it that risk of losses can be decreased by "diversification." Investors are advised to divide their portfolio among many different securities. To see how this might help, say one of these securities was to decrease in value. Then only that part of the investor's portfolio that is invested in this security would suffer a loss, while the rest of the portfolio would be unaffected. Of course this would be futile if all securities were to move up and down in value together; however this rarely happens, and that is the source of the reduction in risk.

This simple idea was formalized and developed by Harry Markowitz
 in the 1950's and is often referred to as mean-variance analysis. To begin, we regard the returns on the investment in any security as a random variable. Associated with this random variable is its expected value, which measures the average returns on this security. We will measure risk of an investment by the standard deviation of the returns. A security with a high standard deviation is subject to larger fluctuations in its value than one with a small standard deviation, and thus is considered riskier. Table 1 provides some idea about the historical expected returns and risks associated with several classes of investments.

	Investment
	1945-91
	1981-91
	1991

	
	Annual Return
	Standard Deviation
	Annual Return
	Standard Deviation
	Annual Return

	S&P 500
	11.8%
	16.6%
	17.6%
	11.5%
	30.6%

	Small Stocks
	13.3
	26.0
	12.0
	20.7
	44.6

	T-bills
	4.9
	3.3
	7.7
	1.7
	5.6

	Corporate Bonds
	5.4
	9.9
	16.3
	12.3
	19.9

	Gold
	5.1
	26.2
	-1.3
	14.7
	-10.3

	Art
	8.5
	15.0
	12.4
	16.6
	19.9


Table 1: Annual Returns on Securities

To simplify our analysis, consider an investor who wants to invest everything in two stocks, named A and B. If any cash is to be retained, we will just consider "cash" or "bonds" as the second stock. For now, imagine that some of the statistical characteristics of these stocks are known. Specifically, the investor knows the mean and standard deviation of the returns of these stocks. We denote the (random) annual percentage returns on stock A (respectively, B) by the symbol Xa (respectively, Xb). We also use the following notation:
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In addition, we allow the returns on these stocks to be correlated, as is usually the case. We denote the correlation coefficient between the two stock returns by [image: image6.wmf]ab
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, so that the covariance between the two stock returns is [image: image7.wmf]b
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The investor constructs a portfolio by investing a fraction pa of every dollar in stock A, and the remaining fraction pb in stock B. Therefore pa + pb = 1. Then the percentage returns on his portfolio are:
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For example, if he invests 70% of his portfolio in stock A (pa = 0.7), and the actual returns on the two stocks next year are 12% and 17% respectively, then the returns that he receives on his portfolio are (0.7)12 + (0.3)17 = 13.4%. Clearly this is better than if he had invested his entire portfolio in stock A, but worse than if it was entirely in stock B.

However, actual returns will not be realized until some time has passed. At the instant the investment is made, the investor can only assess the expected returns and risks of his portfolio. The expected portfolio returns (p are given by:
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As before, we measure risks by the standard deviation of returns [image: image13.wmf]p

s

and for the portfolio we obtain:
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Continuing our example, let the expected returns and standard deviations for the two stocks be as follows:

	Stock A
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	Stock B
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Also, let [image: image23.wmf]2
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, indicating some positive correlation between the two stock movements. If the investor selects pa = 1.0, his entire investment is in stock A, and the expected annual returns are 15% with a standard deviation of 20%. In Figure 1 we plot the expected returns and the corresponding standard deviation of returns of various portfolios, and his choice is indicated by point "A". Similarly, if he sets pa = 0, he is investing his entire portfolio in stock B, and the expected returns are 24%, with a greater risk as indicated by a standard deviation of 30%. This choice is indicated by point "B" in Figure 1. If, however, he selects to divide his money equally between the two stocks, so that pa = 0.5, his expected returns will be:
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The corresponding standard deviation is given by:
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Notice that the expected returns for this portfolio are between those obtained by investing entirely in stock A or B, but that the standard deviation is less than either of those two choices. In other words, consider the investor who holds only stock A. By replacing part of his holdings with a riskier stock B, he can simultaneously expect larger returns while reducing his overall risk. 
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Figure 1: Portfolio expected returns and standard deviations

Of course, the investor is not forced to split his portfolio equally between the two stocks. Other divisions of the portfolio can be considered similarly by trying different values of pa, and the corresponding mean and standard deviation of the portfolio can be calculated. The results are tabulated in Table 2. Plotting the resulting values of 
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 and 
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 provides us with the complete curve joining points "A" and "B" in Figure 1. Each point on this curve represents the combination of expected returns and risk associated with a portfolio the investor can create. Points not on this curve cannot be achieved by any combination of stocks A and B. This graph thus indicates the entire range of choices available to the investor. Evidently, by diversification one can obtain expected returns substantially more than by investing in just stock A, but at little more (or even less) risk.

As indicated earlier, these benefits of diversification exist only because the two stock prices rarely move in tandem. Even though the positive value of 
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 indicates that the price movements are often in the same direction, this correlation is far from perfect. Clearly, the low value of 
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 helps in the reduction of risk. Let us first consider what would happen if 
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 = 1.0. In this case, the portfolio variance is given by:
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Thus the expected returns are [image: image41.wmf]b
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, and the standard deviation is [image: image42.wmf]b
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. This situation is indicated in Figure 2 by the straight line joining points "A" and "B". As the investor moves from A to B, he can expect higher returns and faces proportionally greater risks. Arguably, there is little benefit of diversification.

	Proportion in stock A
	Portfolio

	pa
	(p
	(p

	1.0
	15%
	20%

	0.9
	15.9
	18.8

	0.8
	16.8
	18.2

	0.7
	17.7
	18.1

	0.6
	18.6
	18.6

	0.5
	19.5
	19.6

	0.4
	20.4
	21.1

	0.3
	21.3
	23.0

	0.2
	22.2
	25.1

	0.1
	23.1
	27.5

	0.0
	24.0
	30.0


Table 2: Portfolio returns and standard deviations
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Figure 2: Diversification and (
On the other extreme, if the two stock prices are always in opposition, with [image: image44.wmf]ab

r

 = -1, we obtain:
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Thus the standard deviation of the portfolio returns is [image: image48.wmf]b
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. This situation is shown in Figure 2 by the line from A to C to B, and can lead to great reductions in risk. Indeed, we can select pa and pb to construct a riskless portfolio by setting:
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Noting that pb = 1 - pa, this gives 
[image: image50.wmf](

)

0

1

=

-

-

b

a

a

a

p

p

s

s

 so that:
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In other words, by investing proportionally more of the portfolio in the stock with the lower standard deviation, the investor can eliminate risk. In our example, if 
[image: image52.wmf]ab
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 = -1, then selecting pa = 30/(20 + 30) = 0.6, and pb = 0.4 would provide a riskless portfolio with an annual return of (0.6)15 + (0.4)24 = 18.6% (point "C" in Figure 2).

This situation of course rarely arises, and in practice the correlation coefficient is somewhere between -1 and 1. This would give rise to a parabolic curve relating the expected returns and standard deviation of the various portfolios that can be created, of the sort seen in Figure 1. Indeed, it is easy to show that a riskless portfolio cannot be created unless 
[image: image53.wmf]ab
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 = -1, though it may be possible to create a portfolio whose risk is substantially below that associated with either of the two stocks. The lower the correlation coefficient, the greater is the possibility of reducing risk. On the other hand, unless the correlation coefficient is 1, the portfolio standard deviation will always be less than the weighted average standard deviation of the individual stocks.

This analysis can obviously be extended to more than two stocks. Consider a portfolio made up of several stocks. To compute its expected returns, we need to know the fraction of the total amount that is invested in each stock, and the expected return of each stock. To find the variance of the portfolio returns, we need the variance of each stock, and the covariance between the returns of every possible pair of stocks. With this information, we can then find the expected return and standard deviation of any portfolio that we can construct, and the result is a picture of the form shown in Figure 3. Each "x" in the figure represents the expected return and standard deviation of one of the stocks that we are considering. The shaded area corresponds to the returns and risk associated with any portfolio that can be created. Points outside this shaded area cannot be achieved.

The dark line between points "A" and "B" was called the efficient frontier by Markowitz. For any portfolio that is within the shaded region (for example, "C"), we can create a portfolio that lies on the efficient frontier and is "better" in the sense of having a lower risk and the same expected returns (D), or the same risk and higher expected returns (E). The problem of determining the efficient frontier is now simply one of finding a portfolio that offers the minimum risk for any specified level of expected returns. This is typically done with a technique called quadratic programming.
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Figure 3: Multiple Stocks and the Efficient Frontier

For small investors, owning a portfolio of a large number of securities would be difficult, since they would invest only small amounts in each individual security. In the 1970's, mutual funds became very popular among these investors as a means of investing without any of the associated record keeping, monitoring, etc. Indeed, with the multitude of mutual funds available today, the shares of any fund can themselves be regarded as one security, and the investor can construct a portfolio of mutual funds.

Application

Consider investment in three major American blue chip companies, ALCOA, General Motors and IBM. We begin by considering the historic returns of these stocks. The monthly returns of these stocks over 12 years from 1980 to 1992 are shown below.
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From these data, it is easy to compute the mean and variance of returns, which are provided below:

	
	Annual Returns

	
	(
	(

	ALCOA
	14.7%
	29.8%

	GM
	11.4%
	25.1%

	IBM
	9.5%
	21.1%


Further, the correlation coefficients between the stock returns are: ((ALCOA, GM) = 0.45, ((ALCOA, IBM) = 0.39, and ((GM, IBM) = 0.62.

Questions

(a) If you invest one dollar in GM what return do you expect in one year?

(b) If you divide your investments equally between these three stocks, what returns do you expect in one year? What is the standard deviation of these returns? How does this investment compare with part (a)?

(c) Your stockbroker suggests that you invest 25% of your money in ALCOA, 65% in GM, and the rest in IBM. Compare this investment with the one in part (b).

(d) You would like to obtain an expected annual return of 12%. You decide to invest r% of your money in ALCOA. In terms of x, what fraction of your money should you invest in GM? What is the smallest x can be? What is the largest r can be? We shall assume here that all stock purchases must be fully paid for in cash, no margin borrowing is available, and short sales of stock are not permissible.

(e) Continuing part (d), express the standard deviation of your annual return in terms of x. What is the least risky portfolio that will have an expected annual return of 12%? Hint: Use calculus to minimize a quadratic function, or use a spreadsheet to plot it and pick the minimum.

�Markowitz won the Nobel Prize in Economics in 1990 in part for this work.


� Barron's, March 23, 1992, p.26.


� Solving these advanced problems is beyond the scope of the Managerial Statistics course; they are presented here to offer an idea of the practical applications of mean-variance analysis.
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