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We investigate the situation where a customer experiencing an inventory stockout at a retailer potentially
leaves the firm’s market. In classical inventory theory, a unit stockout penalty cost has been used as a
surrogate to mimic the economic effect of such a departure; in this study we explicitly represent this aspect
of consumer behavior, incorporating the diminishing effect of the consumers leaving the market upon the
stochastic demand distribution in a time-dynamic context. The initial model considers a single-firm. We
allow for consumer forgiveness where customers may flow back to the committed purchasing market from a
non-purchasing “latent” market. The per-period decisions include a marketing mix to attract latent and new
consumers to the committed market and the setting of inventory levels. We establish conditions under which
the firm optimally operates a base-stock inventory policy. The subsequent two models consider a duopoly
where the potential market for a firm is now the committed market of the other firm; each firm decides its
own inventory level. In the first model the only decisions are the stocking decisions and in the second model
a firm may also advertise to attract dissatisfied customers from its competitor’s market. In both cases, we

establish conditions for a base-stock equilibrium policy. We demonstrate comparative statics in all models.
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1. Introduction
The treatment of consumers in classical inventory theory has typically been quite naive. While
the aggregate consumer demand is often assumed to be uncertain, albeit with a known demand
distribution, any further aspects of consumer behavior tend to be limited to assuming unsatisfied
customers will backlog, be lost, or a mixture of these. However, Fitzsimons (2000) finds a common
consumer reaction to a stockout is to change retailers during a subsequent shopping excursion.
As stockout frequencies can be quite high in practice (see citations in Section 1.3 for research on
typical values), the incorporation of the consumers’ activities subsequent to experiencing a stockout
is important.

Most commonly in the inventory literature, a unit stockout penalty cost is assessed to the

firm for each customer whose demand is not satisfied from on-hand inventory immediately. This

* Former title: “Consumer Behavior in Inventory Management.”
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penalty cost has numerous interpretations (e.g., expediting delivery, paying premiums at alternative
retailers, a more costly substitute) but commonly it is intended to represent the economic effects
of a customer’s lost goodwill. As Heyman and Sobel (1984) note “[I]t is difficult to estimate such
penalty costs, but usually, it is even harder to model explicitly the dependence of the demand
process on the degree to which demands do not exceed stock levels.” It is our objective to, indeed,
explicitly model the diminishment of demand caused by stockouts.

Philosophically, it is far more satisfying to explicitly capture the actual phenomenon of interest
rather than rely on a proxy. However, one question we seek to address is “how good is such a
proxy?” In this paper, we exclude any unit stockout penalty cost and instead permit some customers
to backlog, some to have lost demand in that period, and the remainder to leave the market
altogether, thus creating a shrinkage in the demand distribution for the following period, while
maintaining the usual aspects of inventory models (stochastic demand, periodic review, unit holding
costs, transition of physical inventory between periods). We focus on proving the optimality (or
equilibrium existence) of base-stock policies under a model with market size dependent demand. By
characterizing sufficient conditions for optimality of such policies, we have characterized sufficient
conditions for the existence of a proxy stockout cost in the analogous traditional inventory setting.

We initially consider a single enterprise concurrently making inventory decisions and marketing
mix decisions. T'wo markets are specified in the model. The first is labeled the “committed” market
from which consumers may realize their demand in each period, and the second is a “latent” market
consisting of consumers who may have previously shopped with the firm or may do so in the future.
We permit a portion of the unsatisfied consumers (i.e., those experiencing a stockout) to be lost
demand in that time period only, a portion to backlog into the following period, and a portion to
leave the market entirely (i.e., flow from the committed to the latent market). The two marketing
mix decisions the firm makes are an incentive to persuade latent customers to become committed
again at some cost, and an advertising decision to attract altogether new customers to join the
committed market. Operating under this regime with some demand and parameter conditions, we
discover the firm should operate under a base-stock inventory policy. In addition, we find we can
determine a value for each committed and each latent customer.

Like the majority of the traditional inventory literature (see, e.g., Porteus, 2002; Zipkin, 2000),
we do not allow the firm to set price. There are three equally compatible narratives for this setting.
The first is simply that inventory decisions are made by a separate set of decision makers on a
more frequent timeline than pricing decisions. The second is that the firm is a monopolist without

setting a retail price (e.g., in a regulated environment), or that the consumers are not responsive to
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changes in price.! The last is that the firm is one of many operating under perfect price competition,
a situation where no single firm can influence price. In this case, we assume that the uncertainty
about demand, and hence service performance, creates sufficient friction in the market so that the
firm may set its desired service level based on its own revenue and cost parameters and without
reference to the market as a whole.

We then shift our attention to a competitive model, specifically a duopoly, where dissatisfied
customers leave the committed market of one firm and join the committed market of the other
firm. That is, the “potential market” (in lieu of the latent plus external markets considered in the
single firm model) of one firm is the committed market of the other. In this Markov game, the state
space at the beginning of each period consists of both firms’ initial inventory levels and committed
market sizes. Initially we isolate the firms’ decisions to stocking levels only, allowing for partial
backlogging, lost sales, and customer defection, as in the single-firm model. Under similar demand
and parameter assumptions to the single-firm model, we show there is a base-stock equilibrium
policy for each firm. Finally, we consider a model where firms can actively try to attract dissatisfied
customers from the other firm. We again show existence of a base-stock equilibrium policy.

In all the above models we assume the demand distribution follows a three parameter affine
mean function, which has additive and multiplicative forms as special cases; this form for demand
was also used in Liu et al. (2007) (see Section 1.1). Further, customer behavior is assumed to be
governed by Markov (memoryless) transition functions. These assumptions will allow us to write
the value function as an affine function of the market sizes and independent of initial inventory,
so long as it is below the desired base-stock level. This will allow a simple characterization of the
optimal decision variables as well as intuition into the components of the value function.

Key to the inductive arguments we use to prove our results will be showing that inventory in the
subsequent period is below its desired base-stock level, which will in turn be shown to be an affine
function of the committed market size. The argument for why future inventory will be below the
desired base-stock level proceeds as follows. If the committed market grows, then the affine nature
of inventory in market size will imply that the following period’s inventory cannot be “too high.”
However, if the market shrinks, then there must have been dissatisfied customers; hence, inventory
has been depleted and by definition again cannot be “too high.” This argument is formalized in
the proofs of the four main theorems.

! The potential shortcoming of this interpretation is that the firm should therefore choose an extremely high price,

but eventually nearly all customers will react against an extraordinarily high price. Assuming the firm adopts but
does not set price, reconciles this interpretation.
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This paper touches upon several disparate literatures. Specifically, the inventory literature where
the occurrence of stocking out has consequences on the demand distribution, the inventory duopoly
literature, and the consumer behavior literature. These literatures are surveyed in the following
three subsections. From a methodological perspective, the Markov decision process and Markov
game literatures are also important and the interested reader can see Bagar and Olsder (1999),
Heyman and Sobel (1984), Fudenberg and Tirole (1991), Herndndez-Lerma and Lasserre (1996),
and Parker and Kapuscinski (2006).

1.1. Literature: Stockouts Affect Future Demand

Schwartz (1966) appears to be the first research article to address the issue of future demands
being affected by current poor inventory performance; he restricts attention to a deterministic
demand rate. In Schwartz (1970), the model is extended to incorporate some uncertainty of the
mean demand rate in continuous time, and some recognition (although not modeled) is given to
the possibility of consumer forgiveness, a concept we formalize in our models. Liberopoulos and
Tsikis (2006) extend this line of analysis in order to quantify the unit backorder cost in this EOQ
context.

Fergani’s (1976) (unpublished) Ph.D. thesis is probably the most comprehensive attempt to
capture the effects of inventory stockouts on future demand for a single firm. Fergani has three
primary models. The first is a finite-horizon MDP model with a fraction of dissatisfied customers
leaving the market, a model we independently analyzed but do not include here for the sake of
brevity. Robinson (1990) considers an infinite horizon version of this model with a quite general
demand function, establishing tractable upper and lower bounds on the optimal inventory policy.
Fergani’s second model incorporates an advertising mechanism to boost the market size, although
the structure of advertising used is simple (with linear per unit costs) and is unrepresentative of
current advertising literature. His third model assumes the market size is unknown at the beginning
of every period but a prior distribution is updated in a Bayesian fashion in every period. In com-
parison, we incorporate more general advertising functions, consumer forgiveness, and consumer
incentives; all elements missing in Fergani’s models.

Henig and Gerchak (2003) is probably the most relevant study to ours, in a competitive context.
They deal with duopolists competing in inventory stocking levels with disaffected customers defect-
ing to the other firms markets. Using “proportional demands” they demonstrate the equilibrium
policy. Two earlier papers, Hall and Porteus (2000) and Liu et al. (2007), are the next most rele-
vant studies to ours. They study systems where duopolists compete by installing capacity in every

period but any service failures result in market diminishment. Liu et al. (2007) extend Hall and



Olsen and Parker: Inventory Management Under Market Size Dynamics
Article submitted to Management Science; manuscript no. MS-01020-2006.R1 5

Porteus’ (2000) analysis with a more general demand function, which we have also adopted in our
models. The multi-period nature of these models, with market reductions in a competitive frame-
work, make these papers similar to ours. Their models describe a service system especially well,
particularly where capacity may be changed at short notice. They also carry over to production
settings where the “capacity” is now intended to represent perishable inventory in a newsvendor
setting, similar to Henig and Gerchak (2003).

All three of the papers in the previous paragraph operate under the assumption that physical
inventory or consumer backlogs are not carried between periods, whereas we track the physical
inventory, backlogs, lost sales, and market defections. We are aware of no other dynamic game
literature, other than those described above, which deal with the relationship between market
sizes and stockouts and we believe our paper to be the first in this setting to allow inventory and

stockouts to carry over from period to period.

1.2. Literature: Inventory Duopolies

The literature on inventory duopolies is bountiful, beginning with Kirman and Sobel (1974) who
allow full backlogging and history dependent equilibrium policies in a truly dynamic context. One
particular element of the inventory duopoly literature of relevance here is how customers are treated
after experiencing a stockout. In particular, Parlar (1988), Lippman and McCardle (1997), and
Netessine and Rudi (2003) have some fixed proportion of disappointed customers transferring to the
other retailer and the loyal but disappointed customers considered lost. Avsar and Baykal-Giirsoy
(2002) has the same treatment in the infinite horizon. Ahn and Olsen (2007), in a subscription
model context, extend Lippman and McCardle’s (1997) work to multiple periods. Netessine et al.
(2006) have several (independent) treatments of customers’ backlogging and transfer behavior in
a dynamic environment. Olsen and Parker (2007) generalizes and integrates these treatments in a
single model with backlogging, lost sales, and transfers.

We allow the transfer of some portion of the unsatisfied customers between the markets but do not
permit search within the same time period, an approach partly validated by Fitzsimons (2000) who
finds consumers having experienced a stockout are substantially more likely to visit an alternative
retailer during a subsequent shopping outing, although we acknowledge consumer search within the
same period could certainly occur, too. It should be noted that we take the consumer behavior of
switching between markets as a black-box, not delving into the psychological elements underpinning
these decisions (see Fitzsimons, 2000, for an illustrative study of consumer choice, conflict, and

behavioral responses to stockouts). Mahajan and van Ryzin (1999) summarizes consumer choice
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models where the retailer can directly or indirectly control the consumer substitution, the latter
of which encompasses our approach.

We are aware of a few papers which address the issuance of incentives after customers experience
a stockout. In particular, Netessine et al. (2006) examine a firm’s incentive to its own customers
to remain loyal (i.e., backlog locally) rather than switch retailers after experiencing a stockout;
DeCroix and Arreola-Risa (1998) consider a similar incentive for a monopolist. Anderson et al.
(2006) find that the cost of such incentives to backlog do not tend to offset the increased revenues
of these consumers; they recommend a targeted discounting strategy. Another paper dealing with
the competitive aspects of customer defection is Gans (2002), where customers experience the
quality of service or product supplied by a firm and update a prior belief of that firm’s quality in
a Bayesian manner. Likewise, Gaur and Park (2005) incorporate consumer learning and retailer
service levels in ascertaining the competitive inventory policy.

We address the idea of offering incentives to customers after they experience inventory dis-
appointment; however, we focus on firms attempting to draw customers from elsewhere to their
markets. In the single-firm model, the firm persuades “latent” customers to become “committed”
customers, whereas in the duopoly model, each firm tempts dissatisfied customers from its com-
petitor’s market. Further, unlike our paper, none of the papers surveyed in this section have an

underlying market from which demand is drawn.

1.3. Literature: Consumer Behavior
The consumer behavior literature contains interesting and relevant work that provides further
empirical motivation for our work. Here we briefly survey consumer behavior literature on: fre-
quency of stockouts; estimating shortage costs; consumer behavior upon experiencing stockouts;
and advertising models. We compare and contrast the results of this literature with our model.

Since our paper models consumer behavior after a stockout, it is important to know whether
stockouts are indeed relevant in practice. Stockout levels can vary between 10-30% in retail settings
(as surveyed in Fitzsimons, 2000), between 8.2% (Fitzsimons, 2000) and 18% (Balachander and
Farquhar, 1994) in supermarkets, 8-10% in grocery goods, and 20-40% in catalog items (Anderson
et al., 2006). Thus, the incorporation of the consumers’ activities subsequent to experiencing a
stockout are indeed highly relevant.

Establishing a precise estimate for a unit shortage cost can be a challenging exercise, as illustrated
by Oral et al. (1972) and Anderson et al. (2006). The primary reason for this is that most retail
establishments record actual sales, not the primary demand of consumers. The ultimate sales can,

of course, be the culmination of a brand substitution, a size substitution, or some other mediating
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activity between the demand and the sale, in addition to the lack of a sale altogether which will
oftentimes not be registered at all. In their study of mail order catalogs, Anderson et al. (2006) find
a firm has an 86% probability of earning revenue if an item is in stock but this falls to 62% if the
item is not in stock. They also find there are diminished purchases by customers who experience
a stockout, quantified at $6 per customer for one year and as much as $23 per customer in the
long-term. These values could be interpreted as the difference in values of a “committed” customer
and an “latent” customer, a quantity we are able to isolate in our subsequent analysis.

Balachander and Farquhar (1994) find holding less stock can potentially reduce price competition
between firms, which can offset the reduced sales from stockouts; we take retail prices as given and
fixed. Charlton and Ehrenberg (1976) find no long-term market share or category sales reduction
in their experiment with detergents stockouts, whereas Motes and Castleberry (1985) find reduced
long-term market shares but restored levels of category sales. The retailer(s) in our models deal(s)
with a single item, so substitution between brands at a single location is not possible. The differing
levels of “blame” and “forgiveness” found in these empirical studies can be accommodated in our
models since they are parameterized.

Straughn (1991) (using scanner data) and Fitzsimons (2000) (using experiments) find there are
sustained market share effects of stockouts. Schary and Christopher (1979) report that upon expe-
riencing a stockout 48% of British supermarket shoppers decided to shop elsewhere, 30% chose
not to purchase at all or postpone their purchase to a subsequent visit, 17% switched brands,
and 5% substituted a different size. Emmelhainz et al. (1991) find 14% shopped at another store,
32% switched brands, and 41% substituted a different size or variety. Looking at apparel sales,
Kalyanam et al. (2007) find there is little size substitution and focus primarily on the effect of key
item stockouts on ancillary items. The message of this is that there is underlying variation. These
quantities are represented by the flow parameters in our models and are relatively unrestricted.
Liberopoulos and Tsikis (2005) find similar effects at the wholesale level, showing stockouts neg-
atively affect future demand, reducing the value of future orders and lengthening the time before
the next order.

We make no assumption that the availability of inventory on the shelf will have a stimulating
effect upon the primary demand, a common assumption in the marketing literature. In addition,
we do not distinguish between the inventory holdings in different locations. We assume if an item
is in stock, it is available to be sold, although we recognize stock could be “shrunk” (i.e., stolen),

in different locations (e.g., retail shelf, retail stockroom, warehouse, in transit), or misplaced. Ton
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and Raman (2005) approximately quantify misplaced SKUs at 3%. Such considerations could be
the subject of future research.

The final elements of the consumer behavior literature which are relevant for us to consider
pertain to advertising models. We condense this vast literature into some classical and recent
references. The advertising response function is a standard tool, measuring the consumer response
for a given advertising expenditure. S-shaped advertising response functions (see Sasieni, 1971, and
Feinberg, 2001) are commonly believed to represent the effect of these promotions. Specifically,
there is little effect in the market for some initial expenditures (the advertising “threshold”), but
then a substantial effect is observed for further outlays, which then tapers off in diminishing returns
for higher spending; the overall shape of this curve is S-shaped. There is debate as to the existence
or extent of the initial threshold (see Vakratsas et al., 2004), but there tends to be a consensus
that there are diminishing returns to scale at higher advertising spending (i.e., a convex increasing
advertising cost function). Our assumptions on advertising will indeed incorporate diminishing
returns to scale. Nguyen and Shi (2006) incorporate such diminishing returns in a competitive

advertising model where market sizes are affected.

1.4. Paper Overview

As outlined above, the overarching goal of our research is to investigate how realistic a model with
respect to consumer behavior we can have and still prove optimality (or equilibrium existence)
of base-stock policies (and hence, for the single-firm model, prove the existence of a proxy lost
sales cost). Within this objective our contribution is four-fold. First, we explicitly model a range of
consumer decisions in the face of stockouts. Second, we provide a much more detailed single-firm
model than previously studied. In particular, we allow general extra-firm advertising and explicitly
capture consumer forgiveness through a latent market. This model is provided in §2. Third we
provide what we believe to be the first dynamic duopoly model that addresses the relationship
between market size and stockouts, while allowing inventory and backlog carry-over from period
to period. Finally, we extend our duopoly to allow firms to actively try to attract dissatisfied
customers, an extension missing from the few works that do consider the relationship between
market size and stockouts (none of which carry inventory between periods). Both duopoly models
are given in §3. Concluding remarks appear in §4 and the appendix and online appendix contain

all proofs.

2. The Single-Firm Model

In this section, we introduce and analyze a “single-firm” periodic-review model. The firm begins

every time period t knowing the current inventory level (z;), the size of its committed market
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(0;), and the size of its latent market (3;). The committed market consists of regular purchasers,
while the latent market is made up of former customers who left the committed market due to
experiencing an inventory service failure. In reality these markets must be estimated and will not
be known exactly; here, for ease of exposition and analytic tractability, we assume they are indeed
known. Internet retail providers are the most likely to have a good estimate of these markets,
although with frequent purchaser cards and modern data mining techniques it appears likely that
firms will become increasingly able to provide such estimates. It is also probable, in our estimation,
that a Bayesian model, similar to that considered in Fergani (1976), may be able to be layered on
our model; we have not pursued such an extension and leave it as a potential subject of future
research.

Let D,(6) be the uncertain demand in period ¢ arising from a committed market of size 6. The
firm is assumed to know the distribution of D,(f). When the period is clear we will drop the

subscript t for notational convenience. We make the following assumption.

ASSUMPTION 1. Demand in period t is distributed as D,(0,) = pi160; + (p20; + ps)e:, where
p1,P2,p3 > 0 and €, is a mean zero random variable. The random variables {e;} are independent
and identically distributed (i.i.d.) and are drawn from a continuous distribution with support a

closed subset of [—p1/p2,0), having cumulative distribution function (cdf) ®(-), and density ¢(-).

This demand form is analogous to that presented in Liu et al. (2007), where the reader is referred for
further explanation and justification of this form. It contains additive and multiplicative demands
as special cases.? Assumption 1 does not restrict the form of the distribution for demand; it does,
however, imply that both the mean and standard deviation of demand are affine in the market
size and that the coefficient of variation of demand is decreasing in market size (for p3 > 0). This
assumption will be seen later to add significant tractability, leading to a greater number of insights
than would otherwise likely be possible.

The firm makes the following decisions simultaneously in each period: (1) an inventory stocking
decision (y); (2) a marketing decision to persuade latent customers to return to the committed
market (p); and (3) an advertising decision to increase the size of the committed market (v). The
flow decision, p, is the expected proportion of the latent market which is diverted to the committed
market, while the external advertising decision, v, is the expected total flow of customers from

outside both markets in response to advertising. We allow all these variables to be continuous.

2 We are grateful to a reviewer for suggesting we adopt this demand form. Our original form was multiplicative only
(p1 =p3 =0,p2 =1). In that case, a continuous distribution is not necessary in the finite horizon model.
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Thus we are, in effect, assuming that the market size (and hence demand) and market flows are
large enough such that continuous flow-based approximations suffice. We have deliberately kept the
form of the second and third decisions general, so they may reflect coupons, targeted advertising,
or some other marketing mechanism.

Suppose that control p is applied in period ¢t. We assume the proportion of customers who switch
from the latent pool to the committed pool is R;(p), where E[R;(p)] = p. The manipulation of p
is presumed to be at a strictly convex non-negative increasing cost per latent customer of C(p).
Thus, if there are 8 customers in the pool of latent customers and a control of p is applied then,
R.(p)B customers will choose to return to the committed pool and the total cost will be C(p)5.

Likewise, we suggest advertising externally can attract new customers to the committed pool
from outside. A cost of K (v) will attract U,(v) customers to the committed pool, where E[U,(v)] =
v. We assume there is a finite point 7 after which K (v) is strictly convex, which will preclude
infinite advertising in a period being optimal. Clearly, S-shaped advertising functions are a sub-
case of these assumptions. We do not model any interaction between R,(p) and U,(v), assuming

that v is indeed only targeted at external customers. We make the following assumption.

ASSUMPTION 2. The sequences of random variables {R;(p)} and {Ui(v)} are i.i.d., mutually
independent, independent of all other random variables in the system, and have means p = E[R;(p)]

and v = E[Uy(v)], respectively.

In each period ¢, let I'; be the random proportion of customers experiencing a stockout who
choose not to backlog and A; be the random proportion of non-backlogging unsatisfied customers
who choose to leave the committed market. This formulation was chosen to reflect a greater desire
for the firm’s product by the customers who backlog. However, the parameters governing the
division of the unsatisfied customers into backlogging, immediate lost sales, or market defection
routes is arbitrary, so long as market losses occur only if inventory is depleted, and the routings

can in fact be arranged in any manner. We make the following assumption.

ASSUMPTION 3. The sequences of random variables {I';} and {A:} are i.i.d., mutually inde-
pendent, independent of all other random variables in the system, and have means v = E[I';] and

A= E[A,], respectively.

Assume controls p; and v; are applied in period t. Then the state transition functions are as

follows:

Ti41 = (yt - Dt(at))Jr - (1 - Ft)(Dt(Ot) - ?/t)+ (1)
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= Yo — Di(0:) + To(Di(0:) — ye) ™
i1 = 0y — AL (Dy(6:) — )™ + Ri(pe) B+ Up (1) (2)
Biyr = (1= Ri(pr))Be + ALy (Dy(0,) — )™, (3)

where we define x7 =z if x > 0 and 2 = 0, otherwise. For future reference, we similarly define = =
—z if £ <0 and =~ =0, otherwise. Equation (1) simply transfers any leftover physical inventory
into the following period and likewise the backlogging proportion (at rate 1 —I';) of the unsatisfied
demand. Equation (2) states the new committed market size consists of the old committed market
size less the outflow to the latent market due to stockouts plus the inflow from the latent market
due to forgiveness or incentives plus inflows due to external advertising. Equation (3) states the
new latent market size is the old latent market size plus the inflow from the committed market
less the outflow back to the committed market.

Assume r > 0 is the retail price and h > 0 is the per unit holding cost in each period. We will
assume a discount factor of a, 0 < o < 1. The objective is to maximize total discounted expected
reward over either the finite or infinite horizon (this will be shown to be well defined in the infinite
horizon). In the finite horizon assume there are T' periods. Consider the firm’s expected periodic

profits in any period ¢, when controls (y;, p;, ;) are applied, 1 <t <T":

rE[min(y,, Dy(6,)) +2; ] — RE[(y, — D,(6,))] — C(p,) 8, — K (1) (4)
= —rE[(Dy(0;) —y:) "] = hE[(y: — Dy(0:)) "] +rE[D(6)] — C(p:) B — K (1) +rz; . (5)

The revenue term in (4) consists of the lesser of demand and available inventory plus satisfying
the backlog. Clearly, the final term of (5) can be “rolled back” into period ¢ — 1 using (1) and

discounting at rate «, thus producing a per period reward of
—TE[(D(0:) = y:) "] = hE[(y: — D(6:)) "]+ rE[D(0,)] — C(p:) B — K (vs),

where 7 =7(1—a(1—7)).

We will assume throughout that, in the finite horizon model, the terminal value has been nor-
malized by rz7, ;. In other words, if VT-H (x,6, ) is the actual terminal value function then we will
use a terminal value of Vry,(z,0,5) = f/TH(x,H,ﬂ) —ra~. Thus, all assumptions on Vy4(z,0, )
should be translated into assumptions on the actual terminal value function VTﬂ(az, 6, 3) by adding
re” to Vpy(x,0,5).

If demand is non-random (i.e., ¢ = 0), an affine demand function (in committed market size) can

be seen to be necessary for concavity of the one period reward function (and is likely also necessary
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for most forms of stochastic demand). As our focus is on the optimality of base-stock policies, we
restrict attention to concave revenue functions. This is the primary reasoning behind the affine
demand function in Assumption 1. However, this assumption also leads to a change of variable
that significantly aids the model tractability. Note that linear demand assumptions were made (for
similar reasons) in Fergani (1976), Hall and Porteus (2000), and Henig and Gerchak (2003), and
the affine form used here was also used (for similar reasons) in Liu et al. (2007).

Define the functions
“Hw,0) = ((x — p16)/(p260 + p3))

and

Yr(2,0) =p16+ @' (2)(p2b + p3),

where the notation ®~! denotes the inverse of the cumulative distribution function ®. We perform

a change of variable letting z, =y~ (v;,6,) so that y, = y;(2,60;). Then,

Ye — Di(0;) = (p20; + p3) (D" (2) — &)

and z; is the chosen critical fractile for satisfied demand. The transition functions may, therefore,

be rewritten as follows:

Tip1 = (p2by +p3) (D7 (2) — e+ Ti(er — @7 (1)) F) (6)
Ori1 = 0 — (P26 +p3) AT i(er — 71 (20)) " + Ri(pe) Bi + U (v4) (7)
Biy1 = (1 —Rt(pt))ﬁt (p29t +p3)AtFt( - 1( ))+ (8>

Further, the expected periodic reward for any period ¢ is:

L(zt, pr, v, 0y, /Bt) (p20; + p3) (—TE[(e; — @' (2,)) 7] — hE[(® " (2¢) — &) *]) + 7016 — C(p1) B — K (1)
= (p2ts +P3)[~4(Zt) +1rp10y — Cpe) B — K (1),

where

L(z) £ —7E[(e, — 27'(2)) "] — BE[(®7}(2) — &) ],

Note that both the reward and transition functions are affine in 6, and ;.
We define:
S(=) SEAT (e~ ®7(2))] (9)

as the expected proportion of lost customers when inventory is stocked to critical fractile z, and

Zy 2 argmax L(z), (10)
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where zZ = is the optimal scaled myopic inventory quantity. If controls (z,p;,v;) are applied in

Y

period t, then

E[0;41] = 0, — (p20: +p3)S(20) + puBe + v (11)
E[Bi1] = (1= p)B: + (p26 +p3)S(z1). (12)

Note that —S(z) and L(z) are both concave in z with —S(z) also being non-decreasing in z.

Our model contains limited memory; it is assumed that customers in either market are averaged
across their tenures in the market. This is equivalent to assuming that the consumers are mem-
oryless about their previous experiences, good or bad, in the markets. It is possible to describe
each market as a vector where each element represents the number of consumers who have been
in the market for a particular number of periods, and the sum of the elements is the total market
size. Unfortunately, for our method of analysis (as given below) to be sustained, it is necessary to
assume that demand is homogeneous across all committed customer segments and that customers’
loyalty behavior (whether to leave the committed market following a stockout or whether to rejoin
the committed market) must also be homogeneous. Given that such restrictive assumptions are
needed, this extension was not pursued further, and a more general model (with a different type
of analysis) is left as the subject of future research.

Another possible extension to our model is to apply a multiplicative stochastic shock to the
latent market to reflect the chance that some latent customers will leave this market (either through
moving away or through forgetting about the retailer) or to reflect other non-purchasing customers
becoming newly aware of the retailer (e.g., moving to the region from elsewhere). All the analysis
is preserved (with some additional technical conditions on the average size of the shock) but little
additional insight is gained with its inclusion. A similar shock cannot be applied to the committed

market without destroying the analytical structure of the model.

2.1. Finite Horizon Results
Using the (normalized) terminal value function Vry(z,6,3), recursively define the optimal profit-
to-go or value function in period ¢, 1 <t <T, as

Vi(z,0,8) = max (L(z,p,v,0,8)+aE[Vii1 (21,0041, Bi41)]) -

2>y~ 1(z,0)
02p<1,050

We seek to characterize the structure (with respect to (z,0,3)) of the optimal decision variables,
z;, py, and v}, which achieve the maximum in the above equation.
The affine nature of both the one-period revenue and transition functions, coupled with appro-

priate assumptions on the terminal value, will allow us to write V;(-) as an affine function of (6, (),
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and independent of = (so long as z is below the desired base-stock level). Above the desired base-
stock level, V;(-) will be bounded above by its value at the desired base-stock level. This will allow
a simple characterization of the optimal decision variables as well as intuition into the components
of the value function. As discussed in the introduction, the inductive argument therefore relies on
proving that starting inventory in the following period is below the desired base-stock level. We will
also assume that initial inventory in period 1 is below the desired level; however, this (relatively
mild) condition is for convenience only and the Online Appendix provides an extension to the proof
of Theorem 1 where this assumption is relaxed. As it will be shown that the desired critical fractile

is at least the myopic level we state the assumption on period 1 inventory as follows.
ASSUMPTION 4. Assume that initial inventory x1 <yy(z,,,01)-

If the terminal value of committed customers is low then the optimal decision will likely be to
save on inventory costs and ramp down market size near the end of the horizon. As future market
size is stochastic this would likely imply optimal policies depend (possibly in a non-smooth fashion)
on both the current market size and the number of periods to go. Similarly, if the terminal value
of committed customers is quite high then similar effects will likely occur with a growing market.
Assumption 5 below places the terminal value between “too high” and “too low”. Of course, the
effect of any assumption on terminal value becomes increasingly diminished as one moves further

from the end of the horizon. We make the following assumption.
ASSUMPTION 5. Assume, for any x, Vrii(x,0,3) = ari10 4+ bry1 S+ cry1, where

p2L(z5,) + 1
aT+1 = W? (13>

bry1 = aary, and ey =0. (14)

Salvage value functions are frequently used to either (i) overcome undesirable and unrepresentative

behavior at the end of a time horizon, (ii) endow a model with analytical tractability, or (iii) reflect

economic reality. We use them for reasons (i) and (ii) and note that such an assumption will not
be needed in the infinite horizon model.

The final assumption in this section is a technical one that ensures the future expected value of

a committed customer is at least that of a latent customer. As it seems likely that the firm would

prefer to keep a customer in the committed marked rather than lose them to the latent market, it

is likely that the conditions needed to guarantee this condition are also reasonable.

ASSUMPTION 6.
1—pp — AV E[(er — @' (2,,)) ] > 0. (15)

my



Olsen and Parker: Inventory Management Under Market Size Dynamics
Article submitted to Management Science; manuscript no. MS-01020-2006.R1 15

Assumptions analogous to Assumption 6 were made in both Hall and Porteus (2000) and Liu
et al. (2007). Liu et al. (2007) contains further discussion and justification for their analogous
assumption, referring to it as “very mild” (see their Condition 3 and the discussion surrounding

it). We are now ready to present the main result of this section.

THEOREM 1. Recursively define

my = Ofg?g(l([/(z) —aS(2)(ar1 —biy1)) (16)
a; = pamy + s +rpy (17)
by = max (=C(p) + ap(ars1 — bey1)) + abeya (18)

0<p<1
Ct = I}}Qg(aatﬂl/ — K(v)) +psmy + acey, (19)

then, under assumptions 1, 2, 3, 4, 5, and 6,

*

Zp = arg 0121351@(2) — aS(2) (a1 — b))

*

pi = arg max (—C(p) +ap(ar — b))

*

v = argmax(aa, v — K(v))

and for x <ys(z;,60)

‘/t(x’eaﬂ) = at0+ btﬁ+ct-

For x>y (z;,0), Vi(x,0, ) is bounded above by V,(y;(2;,0),0,3). Further, z, pi, a;, by, and a, — b,

are non-decreasing in t with a; —b; >0 and z; > Zy forallt, 1<t<T.

The proof may be found in the appendix. It follows by an inductive argument that formalizes the
intuition given in the introduction as to why the future period’s inventory will not exceed the
desired level whether the market grows or shrinks.

Theorem 1 yields several observations. First, the overall value of the firm can be separated into
elements of the value of the committed market, the value of the latent market, and any remaining
value. An appealing interpretation is that the variables, a; and b;, are the per customer values in
each of these markets. So, a; is the discounted expected value of a current committed customer in
period t, accounting for all possible expected movements over the remainder of the time horizon.
This gives the firm some real intuition of how its inventory policies, and the customer responses
to them, affect the value of those customers to the firm in tangible outcomes: sales. Notice also
that the base-stock level in period ¢, y;, equals p,6; + ®~1(2;)(p2bs + p3) and therefore is affine in

committed market size 6;.
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The difference, a; — by, is the incremental benefit of having a committed rather than a latent
customer. This increment is shown to be positive (using Assumption 6), which is natural since
only a committed customer can purchase from the firm and the best a latent customer can do
is to forgive and begin buying in the future. We also show this increment is non-decreasing as
the end of the horizon approaches, which we would argue is also natural as there are fewer and
fewer opportunities for the latent customers to become committed and committed customer have
a sufficient salvage value.

The second observation is that the optimal inventory policy (operating under standing assump-
tions) is base-stock. The efficacy of this unadorned policy is well known; it is a natural and appealing
policy for implementation. The immediate conclusion is that the unit stockout cost used in classical
theory as a surrogate for market shrinkage due to lost future demand and customer goodwill, can
indeed be a valid proxy. By explicitly modeling this market shrinkage, rather than using the unit
cost, we also arrive at the same structural optimal policy. This can be true under numerous model-
ing “accessories” (e.g., consumer forgiveness, advertising, coupons) or under minimal assumptions
(as in the corollary below). The counterpoint to this statement is that the base-stock inventory
policy may not be optimal under all circumstances. Thus, while the unit stockout cost can continue
to be used in the future to approximate lost future demand, it should be used with some caution,
noting whether the conditions appear justified.

The optimal level of advertising to the latent pool, p;, depends on the future per customer value
difference, a;1 — b1 1, but not on the size of either the committed or latent markets (although
total advertising to the latent pool is proportional to the latent market size). Similarly, the optimal
amount of external advertising, v}, depends on the future value of a committed customer, a;,, but
not on the market size. This lack of dependence in market size is due to our affine model structure,
which does not reflect economies of scale. Recall that an affine demand structure was necessary to
prove concavity of the one-period profit function, so a model with economies of scale would need
an entirely new method of analysis which is beyond the scope of this paper.

We recognize Fergani (1976) offers a streamlined inventory model where future demand is affected
by current stockouts and the demand may adopt a linear or affine form in the market size. His
model does not include the latent market at all and thus, we exclude those parameters in the
following corollary. This implies there will only be an outflow of (dissatisfied) customers from the

committed market and no resulting inflow (from the latent market or from external advertising®),

3In an extension, Fergani (1976) considers external advertising to “replenish” the market.
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thus this model is appropriate for a finite time horizon only. On the other hand, this streamlined
model is burdened by few restrictive assumptions.
Corollary (Fergani, 1976) Setting p=v =0, the system optimally operates under a base-stock

tnventory policy.

2.2. Infinite Horizon Results
In the infinite horizon, if the market is either shrinking or growing then there is transience towards

zero or infinity, respectively. We therefore assume no external advertising is possible. Define the

functions

z;(A) =arg Dax (L(z) - aAS(z)) (20)
and

pr(A)=arg max (—C(p) +alp). (21)

In what follows, A will equal the value difference between a committed and a latent customer;
zf(A) and py(A) will be the optimal controls, given this value difference. Note that z;, = 27(0).
From the concavity of —S(z) and L(z), for A >0,

h

A =l AT

Thus z;(A) is increasing in A. Further, p;(0) =0 and, for A >0,
p1(A) =min(C' (0 ), 1).

Note that p;(A) is nondecreasing in A. The solution to this equation is unique because C(-) is

increasing and strictly convex.

Define
A _ pgi(zfny) +rp;
max 1 _ a
h
Zmazxr = -
T+ alaey+h

Prmaz = min(C’l_1 (A az) 5 1).

These variables will be shown in the following lemma to indeed be upper bounds on their respective

modifiers under the following assumption:

ASSUMPTION 7. 1—p25(2%,) = Pmas > 0.

This is a flow assumption, similar in nature to (15), to guarantee non-negativity of the value
difference A. Since h > 0 this assumption implies that p,.. <1 and hence p,,q. = o (A az)-

The following fixed point lemma will aid in the infinite horizon proof.
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LEMMA 1. Define the mapping
T(A) = paL(z(A)) = alpaS(z;(A)) +1p1 + @A + Cps(A)) — alps(A).
Under Assumption 7, there is a unique fized point, A*, such that
A" =T(A"), (22)
where A* € [0, A4 Further, for any A € [0,A4.],
2y L2 (A) S 2ppae - and - 0 < pp(A) < praa-

The proof of Lemma 1 (found in the Online Appendix) follows from basic calculus and showing
that 7'(-) is a contraction mapping. Let IT be the set of admissible policies. Define

o0

V*(x,0,3) = SUPZatilL(ztvpt, 0:,5:),

mell —1

where we redefine L(z, p,0,3) 2 L(z,p,-,0,3). Then V*(x,0,3) is the optimal discounted expected
revenue function for the infinite horizon problem with initial state equal to (x,8,3). We have the

following result.

THEOREM 2. Assume assumptions 1, 2, 3, and 7. Define

a=( 2(L(2£ (A7) = aA™S(2;(A%)) +rp1) /(1 — ) (23)
= (=Clps (A7) +al"ps (A7) /(1 - @) (24)
¢ = ps(L(z7 (A7) = alA"S(2;(A")))/(1 - @) (25)

where A* is from equation (22). Then A* =a—b and a and b simultaneously solve:

a=p I??S((i’(z) —aS(z)(a—b))+rp1 +aa (26)
b= Orgggxl(—C(p) +ap(a — b)) + ab. (27)

Further, for x <ys(z(A*),0),
V*(2,0,8) =af+bB+c

and zy(A*) and py(A*) are an optimal stationary policy.

The proof (found in the appendix) follows by showing that af + b3+ ¢ satisfies the Bellman equation

for V*. We can offer some comparative statics for these optimality results.
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PROPOSITION 1. The optimal “value increment”, A*, increases in v (if p1 > pa), —h, —7, —A,
and a. The optimal stocking level, z;(A*), increases with r,A*, and —h. When AyA* >r(1—7),
the optimal stocking level increases in «. The optimal incentive, py(A*), increases with increasing

A*r,—h,—vy,—X, and «.

This result states that the value increment of a committed customer over a latent customer
increases with the retail price and the discount factor. The former is obvious as a committed
customer will pay more when their demand is realized and satisfied. The latter arises because it
lessens the effect of a defecting customer who has a chance of returning to the committed pool in
the following period. The value increment will also increase when the holding cost decreases since
it lessens the cost of servicing a committed customer, and when either v or \ decrease because
these govern the proportion of dissatisfied customers who leave the committed market. The optimal
stocking level increases with an increase in the retail price or a decrease in the holding cost,
since these changes indicate a greater level of inventory service is economically warranted. The
optimal stocking level increases with the optimal value increment since this represents preserving a
committed customer over losing them. The optimal incentive level increases by the same reasoning.
In other words, a greater value increment, higher price, lower holding cost, and a smaller proportion
of leaving customers are all reasons for the firm to spend more to convert a latent customer to a
committed one.

The proof of these comparative statics follows from a standard application of the Implicit Func-
tion Theorem and may be found in the Online Appendix. The observations following Theorem 1
for the finite-horizon model carry over to the infinite-horizon. Moreover, a specific value for the

“equivalent” unit stockout cost in a traditional inventory model, is found to be:
unit stockout cost = aly(a—b) =alyA”.

The interpretation of this unit stockout cost is that it represents the value lost due to a stockout.
It is discounted by « since the leaving customers will join the latent market in the following period.
The parameters \y represent the expected proportion of stocked-out customers who will leave, and
(a —b) is the expected lost (lifetime) value of the customers leaving the committed market for the

latent market in the following period.

3. The Duopoly Model

In this section we provide a competitive framework where two firms explicitly compete with each

other for the retention of customers on the basis of their inventory performance. The “committed”
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market for one firm is now the “potential” market of the other firm. That is, when customers
stock-out at firm 1, they may join firm 2’s market, and vice versa. There is no external (outside the
duopoly) advertising. Thus the potential market has replaced both the latent and external markets
of the previous section.

We first prove results for a duopoly where each firm makes a stocking decision only. We then
extend the basic model to a model with incentive decisions as well as inventory stocking decisions.
We define some commonalities shared by the two models before examining each separately. While
we only consider duopolies, the results would likely extend to oligolopies as well. However, one
would carefully need to define and justify the flows of dissatisfied customers between firms. For
the model with stocking decisions only, the separability that occurs would make this relatively
straightforward; however, for the model where the flows depend on explicit decisions, much more
care would be needed.

Much of the nomenclature is identical or analogous to the single-firm model, with the difference
being a superscript identifying the firm. We will not redefine such notation if we believe its definition
to be self explanatory.

We have four state variables, (z;,x7,6},67), where z! is firm i’s inventory (or backlog) level at
the beginning of period ¢ and 6! is the size of firm i’s committed customer pool. We reserve indices
1 and j throughout to denote the two firms, where the use of both implies j # ¢. Let us first define

the transition functions for each firm s:

iy =y, — D'(0,) + TH(Di(6;) — ) (28)
Or1 = 0, — AYTL(D;(0;) — yi) " + ATHDI(O)) — 7)™, (29)

where AY is the proportion of unsatisfied firm i customers that defect to firm j in the following
period.

Throughout this section, we assume the following.

ASSUMPTION 8. For period t, i=1,2, Dj(0;) = pi0; + (pi0; + p4)ei, where pi,ph,ps > 0. The

sequences {€!} and {&l} are i.i.d., independent of each other, and follow the same distributional

assumptions as in Assumption 1.

ASSUMPTION 9. The sequences of random variables {Ti}, {7}, {AY} and {A]'} are i.i.d., mutu-
ally independent, independent of all other random wvariables in the system, and have means v =

E[TY], v/ = E[T}], A = E[AY], and N' = E[A]"], respectively.
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Perform a change of variable so that
i —1/,i pi yi — i’
zZ, = 5 0 — (pz — 5
$= 0 ) (p’ﬂ +p§;)
where ®; is the cdf of € (we use a subscript for i on ® to aid notationally when its inverse is taken).

Then the transition functions can be rewritten as follows:

i = (020, +p3)(27(21) — €, + Ti(e; — @71 (2)") (30)
Orin = 0, — (10 + Py)ATT (€1 — 07 (2))7) + (020] + p)ATI (5] — 07 ()", (31)

J

For the model with no incentives, the periodic reward for period ¢ for firm ¢ is:

Li(y;,0;) = —F'E[(D"(6;) —y;)"] — R'E[(y; — D'(0;))*] + r'E[D(6})]
= (p40; +p) L' (2]) + r'pi6;,
where

A

Li(z) = —E[(e; — ;7 (21))"] = NE[(®7 () — 1) *].
Note that both the reward and transition functions are affine in 67 and 6;. The model with incentives
will have the additional advertising costs associated with attracting the other firm’s customers in

the periodic reward function; these will be written separately from 17(), which is defined as above

in both models.

3.1. Duopoly With No Consumer Incentives
In this subsection, we assume each firm chooses their inventory levels, mindful of the potential of
losing their own customers but with no conscious effort to attract customers from the other firm.
This could be translated as the inward-looking “operations focused” model.

As in the single-firm model, we assume that there is a (normalized) salvage value associated with

the end of horizon state vector (z%, 27,60, 67), as follows:

AsSsuMPTION 10. For any z',2?, Vi, (z',27,60",07) = a’ 0" + bl 07, where

) pziz(zz )_i_,ripi
aT+1 = : (1 _ya)2 - ) (32>
bry = aar,. (33)

The intuition for this assumption is analogous to the single-firm model.

We define V/(z*,27,0",67) to be the discounted expected value for firm i under a Markov equi-
librium (if it exists) from period ¢ onwards, given a current state vector of (z*,z7,0*,67). While this
value will depend on the specific equilibrium chosen, we show there is, in fact, a unique Markov
equilibrium in each period and hence there is no ambiguity in the expression. Further, we assume

that:
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ASSUMPTION 11. Assume 1 —piA7~ E[(e' — ®; (25 )T — pIN I E[(e7 — @' (237,)) ] > 0.

my

This condition, which ensures we would prefer to keep a customer than lose it to the competitor
(see the proof of the theorem), has strong analogies to Assumption 6. It is also effectively the
same as Condition 3 in Liu et al. (2007). Indeed the assumptions of this section are effectively
equivalent to those of Liu et al. (2007) except that we allow inventory (or backlogs) to be carried
between periods (which is the significant contribution of the section), which in turn necessitates
an assumption on the salvage value. As stated before, such an assumption becomes decreasingly

important as one moves further from the end of horizon and is not needed in the infinite horizon.

THEOREM 3. Recursively define

5" = ang max {L'(=') —alal,, —b,)S' (=)} (34)
aj = pyL(=f") — aph(ai s —b11)S (") +7'p} +aal, (35)
b = aphayy — b)) S () +abiy, (36)
i = DL (") — apiats = b)) S () + aphal iy = b ) S (1) + acy, (37)

then, under assumptions 8, 9, 10, and 11 for 2 <y}(21*,0") and xl < y}(z{*, 67), the unique Markov
perfect equilibrium policy is for the firms to order-up-to (y?(zj*,@i),y}(zg*,ﬁj)) and this policy has
value Vi(xt,27,0%,607) = a'0® + bi07 + ci. Further, zi*, ai, bi , and ai — b’ are non-decreasing in t

with a} — bl > 0.

Thus, so long as the inventory in the first period (only) is below the desired levels, there is an
equilibrium in base-stock policies. As in the single firm model, it is likely that one does not actually
need to restrict first period inventory but the proof would become more involved because a bounding
argument on V() is no longer sufficient.

The value function V() represents firm i’s expected present value of the current and future
rewards under the (unique) pure-strategy Markov equilibrium given the current state. As is well
known, a Markov equilibrium is a subgame perfect Nash equilibrium in a finite horizon. In this
particular model, due to assumptions 8, 9, 10, and 11, we gain additive separability of each firm’s
value function into components dependent upon the market size state variables and independent
of the beginning inventory state variables. We speculate the primary reason for the separability
is that defecting customers do not search at the other retailer in the same period but join the
competitor’s market and may be served in the following period at the soonest. This assumption

and resultant separability is also seen in Hall and Porteus (2000) and Liu et al. (2007).
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Given the above separability, the Markov game effectively becomes two parallel Markov decision
process models where each firm can choose its inventory independent of the other firm’s choices.
As such, the solution to the infinite horizon model is well defined and stationary. Further, one
could use machinery similar to that of Theorem 2 to find the (unique) infinite horizon stationary
values where the stationary flow from the competitor, p}S” (27*), would replace the stationary flow

decision, p;(A*). We do not do so here in the interests of space.

3.2. Duopoly With Incentives for Dissatisfied Consumers
We now suppose that the firm may attract dissatisfied customers from the competition. That is,
firm ¢ may influence the mean (M) of the flow from firm j to firm . We assume that there is
a convex increasing advertising cost for firm i to attract an expected proportion \* of firm j’s
dissatisfied customers. We intend this advertising effort to be directed towards all the customers
of the competitor but only the dissatisfied customers will be significantly affected by the message.
Further, we assume that this cost may be written as (pl0] + p})A;(\?). As such, it is assumed
to contain a term that is proportional to 6/ and a further term that is independent of 67, where
the ratio between these terms is fixed. If p =0 (i.e., multiplicative demand) then this assumption
simply implies that the advertising cost must be proportional to the competitor’s market size.
For notational convenience we will suppress explicit dependence of A¥ on the control A\, but
such dependence should be understood in the following. Further, the distributional assumptions of
Assumption 9 continue to hold where the A are identically distributed conditional on having the

same control A\¥ applied. The periodic reward will be as before with this additional incentive cost,

as follows:
(pa0; +p3) L' (=) +r'pi6; — 6] (6] +pj) A' (V).
Define
S'(2) =7'E[(¢' - @7 }(2))"]. (38)
Then,
E[07,1] = 0;(1 — pyAY S*(2")) + 0]ppA]"S7 (). (39)

As in the single firm model, A’ will represent the value difference between a committed (firm )
and potential (firm j) customer. We define the vector A = (A*, A?). Further, define
P AN (A)y + b
A (A) = min (A;fl (aAﬂ'Si(z;.(A))) ,1) . (41)

ZH(A) =1 (40)
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Analogous the single-firm model, 2}(A) and )\j}j(A) will represent equilibrium responses given
customer value differences of A. Note that, in contrast to the duopoly with inventory decisions
only, here the decisions of the two firms truly represent an equilibrium decision. As such, we need

to show that these responses are well defined. This is done in the following lemma.
LEMMA 2. For any positive pair A = (A', A?) there is a unique solution to equations (40), (41).

The proof of Lemma 2 follows by showing that the response functions have opposite signs and can

be found in the Online Appendix. Define the mapping

T'(A) = py(L'(2(A)) —al' N (A)S (25 (A))) 7Dl + oA +py (A (N (A)) — AN (A) 57 (27(A))).
(42)
Then it will be shown that a fixed point solution such that A' =T*(A) and A? =T?*(A) will be
such that A =a' —b! and A% = a? — b? in the infinite horizon equilibrium. The following lemma
establishes preliminaries for existence of such a fixed point. Its proof is primarily algebraic and

may be found in the Online Appendix.

LEMMA 3. Define

, CLH(z )+ ripi g p o
NI Comy) £77) A o =min (A N (aN S*(z, )> ’1)
max 1—a max 7 max my
) hi . hi
Zp =1 — = 4 Zyaw =1 — = 4 , .
Yy 74 hz 74 aAznam’yl + hz

If 1—piNid  Si(2h,) — PaN . S9 (20, ) > 0 then let

max max

Ai o péii(zzny) +Tlp21
" 1= a(l = Py NRar S (2hy) — D2 Ras ST ()

else let A!

min

=0. Finally, let

A\J  =min (A;-_l (aAf;lmgi(zfmz» , 1) .

Then if (A}, A7) is a fized point of T'(:),T7(-) then A" € [Al Al 1 and A € [A) AT 1.
Further for any A€ [A! . AL T and A€ [A . A ]

oy SZH(A) <2, and N2, < AT (A) <N,

In order to show there is a unique fixed point we need to show that ‘%Ti(A)‘ < 1. A relatively

strong set of assumptions that implies this is as follows.
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ASSUMPTION 12. Assume

¥ Afnaz A:’nln 1 7 N : "
pQ j S 27 j Z §p27p2Amax < .. min .. Ag ()\)
Ami’n Amam A:,J”-TLSXS/\%M

Further, for all z, assume

¢i(2)

= >1.
D,(z)

These assumptions say that the ranges of the A% A’ cannot be too far apart, that the second

derivative of the cost function is sufficiently large relative to A, and that the hazard rate of &,
#i(2)/®;(2), is at least one. These assumptions are driven by the algebra and unfortunately do not
appear particularly intuitive. A weaker, but somewhat more obscure, assumption that can easily

be shown to be implied by these assumption is given as Assumption 13 in the appendix.
LEMMA 4. Under Assumption 12 or 13, the mappings T*(A), T7(A) have a unique fized point.

Let A™ be the unique fixed point of the mappings T%(A), T7(A). Define

(L (2 (A%)) — a(A)NF (A7) S (=) (A%))) +r'p;

i

‘= . . I o' 3
i PHOATAT(AD)SI (=A%) — A, (A)
. l—a _ _ 3 o -~
o PHIEHAY) — a(ATAT (A (25 (A") +py(0AX} (A)F (25(A) — AN (A)

l-—«
so that A* =a’ — "

We are now ready to establish our main result, which shows that there is an equilibrium in
stationary state-independent policies in the infinite horizon discounted game. An equilibrium in
stationary policies is weaker than the Markov equilibrium of the previous section. It is one where
all firms precommit to a fixed policy for the infinite horizon and then a one-shot game is played on
the policy space. Such an equilibrium is not guaranteed to be subgame perfect (and is likely not).
This is the same type of equilibrium used in most inventory games considered over the infinite
horizon (e.g., Avsar and Baykal-Giirsoy, 2002; Bernstein and Federgruen, 2004; Cachon and Zipkin,
1999) and it appears that a stronger result must await theory development in Markov games.

For the inventory game considered here we must define what it means to follow a state-
independent inventory policy. For ease of exposition, we assume that the firm may costlessly reduce
down to the desired inventory level. However, we will also show that, operating under the equilib-
rium policy, the inventory level is never above the desired level and so this (somewhat unrealistic)
option is never actually used. One could more realistically assume that the firm simply orders
nothing, allowing demand to draw down inventory, if it finds itself above the stationary level but

(since this still never occurs) this complicates the proof with little extra value added.
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THEOREM 4. Under assumptions 8, 9, and 12 or 13, (z}(A*),z}(A*),A?(A*),A?(A*)) form
an equilibrium in state-independent stationary policies in the infinite horizon discounted game. The
expected discounted pay-off function for firm i under this equilibrium, for starting state (z*,x7,6%,67)

with ' < yi(25(A*),07) and 27 < y}(2}(A*),07), equals a’f’ + b7 + ¢'.

We have the following comparative statics for the equilibrium which, similar to Proposition 1,
are proven in the Online Appendix using the Implicit Function Theorem on the mapping T°(-).
The sufficient condition used in this proposition will be shown to be quite weak in the associated

proof.

PROPOSITION 2. When S7(z;7(A)) — ADS7(2,7(A))JOA? >0, (a) firm i’s (i #j) equilibrium
“value increment”, A™, increases in r* (when pi >ph), ri,—h',—h?, and —*; (b) firmi’s (i#j)
equilibrium stocking level increases in r,r7,—h', and —h?; and (c) firm i’s (i # j) equilibrium

incentive level increases in v’ 3, —h', —h/, and —".

This result establishes that a firm’s valuation of one of its committed customers over the valuation
of its potential customer, its equilibrium stocking level, and its equilibrium incentive level increase
when either firms’ retail price increases or either firms’ holding cost decreases. The reason for its
own retail price and holding cost are straightforward. The reason for these changes in the other
firm’s retail price and holding cost is simply that the other firm will increase its value increment
and stocking level and the original firm will too, in response.

Our incentives are targeted towards dissatisfied customers from the competitor’s market. Because
the retailer can retain its own customers by performing well with their inventory decisions and
limiting the number of stockouts, as far as is economically sensible, the inventory decision is partly
an incentive in itself. In research not reported here, we considered a model where one firm can
directly attract any of the competitor’s customers. Unfortunately, we found that the conditions
needed to show base-stock equilibrium policies (the focus of this paper) are too restrictive to
make the model of general interest. It may also be possible for the firm to work to retain its own
dissatisfied customers (other than with available inventory). In that case the interaction between
the firm’s actions and its competitor’s actions would need to be carefully delineated. Future work

should investigate such competitive models.

4. Conclusions and Extensions
Consumers in classical dynamic inventory models are assumed to either backlog (most common),

be lost (next most common), be partially backlogged/partially lost (relatively uncommon), or
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leave the market and therefore reduce future demand (rare). In these first three cases, the firm’s
economic burden from not satisfying customers is usually approximated using a simple unit stockout
cost. Although there has been widespread agreement that one (significant) element of the unit
stockout cost is to reflect the economic consequences of some of these dissatisfied customers leaving
the firm’s market, thus reducing future demand, there has been little research investigating how
this phenomenon affects the optimal (or equilibrium) inventory policy; notable exceptions to this
statement include Fergani (1976), Hall and Porteus (2000), and Liu et al. (2007). In addition to
explicitly modeling the effect of future stockouts on demand, we explicitly incorporate the three
previously mentioned stockout alternatives (in contrast to Hall and Porteus, 2000, and Liu et al.,
2007), we include the possibility of consumer forgiveness (in contrast to Fergani, 1976), and we
consider the possibility of attracting new customers.

We first consider a single firm. This firm could be considered as one firm operating under perfect
competition, a price-taking monopolist, or simply one where pricing decisions are made by separate
decision makers on a longer time frame. The firm’s decisions are the stocking level, the proportion
of “latent” customers who can be convinced to become “committed”, and external advertising
to increase the committed pool of customers. We establish sufficient conditions under which the
optimal inventory policy is base-stock for the finite and infinite time horizons. Although we do not
consider the conditions strenuous, they do suggest that the unit stockout cost may not be a good
proxy under all circumstances. When the conditions are supported, we find a closed-form solution
for the unit stockout cost, representing the discounted lost value premium of those lost customers.
In addition, we find “lifetime” values of committed and latent customers. The optimal base-stock
level increases with the retail price, the proportion of non-backlogging customers who leave, and
the value premium the committed customers have over the latent customers, and decreases with
the unit holding cost and proportion of stocked out customers who wish to backlog.

The natural extension to the single-firm model is a duopoly where a customer leaving one firm’s
market joins the other firm’s market and vice versa. In the initial duopoly, the firms decide only
upon inventory levels and conditions are found under which the firms will operate under a base-
stock equilibrium policy. Due primarily to the fact that a leaving customer will join the other firm’s
market but not search within the same time period, the equilibrium separates in every period.
In the subsequent duopoly model, an incentive decision is included with the inventory decision.
The incentive decision is advertising targeted towards the other firm’s dissatisfied customers. We
establish conditions under which a base-stock inventory policy is an equilibrium in stationary

policies.
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As mentioned in Section 2, we assume the firms actually know the market sizes, whereas in
reality they may only have estimates. A model with Bayesian updating, such as that in Fergani
(1976), could likely be used to accommodate this uncertainty and is an interesting topic for future
research. Further, we assume leadtimes are zero. As non-zero leadtimes with lost sales assumptions
typically present a challenging problem, it is likely that incorporating leadtime in our models will

present similar challenges.
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Appendix

Proof of Theorem 1

The proof is inductive and we establish the basis in the Online Appendix. For period ¢, 1 <t <T —1,

assulne:

o Vii(x,0,08) = a0 + bif + iy for x < yp(z7,,,0) and is bounded above by
‘/;5+1(yf(2:+179)707ﬂ) for z > yf<2:+179);

LI Y < ZfH, 0<ait1 —bip1 <o —bigo, arr < Aygo, and byyq < byyo.

m

For z, < 24, ®141 < ys(27,1,0:41) by the following reasoning. Observe
Tiy1 = (p29t +p3)(¢'_1(2t> — &+ Ft(gt - @—1(%))4-).

If (6, — ®*(2;))" =0 then there were no dissatisfied customers so that 6;,, > 6, and therefore

Tep1 < (P20r +3) 271 (20) < (p2brsr +3) 27 (20) < (P2brs1 + p3) P (2741) < yr (2741, 0041). For the

case where (e, — ®7'(2))" >0, 2,11 <0 <ys(2;,1,0:41). Therefore, for z < z;,,,

EVii1 (251,041, Biv1) = a1 EOi 1 + by 1 BB i1 + oy

*
For z, > 2 4,

EVig1 (@41, 0141, Bitr)
< a1 Bl 1+ 001 EBi1 + ciin
= a1 (0 — (P20: +p3)S(20) + peBr + i) 4 besr (1= pe) B + (20 + p3)S(20)) + cora
= 410 — (P20 +p3) S (20) (a1 = besr) + Be(pe(@rsr — begr) + b)) + arpave +cn. (43)
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Define
fu(2) 2 L(2) — aS(2) (@1 — besa)-

We will show that z; = argmax. f,(z). Note that, in this case, by the concavity of —S(z), z; > 2}, .

Now,

(p20: +p3)fz(2’t) +aEV 1 (21,0041, Big1) < (0200 +p3) fi(2e) + B (pe(aipr —bepr) +bigr) v (0 + 1) + ey

By the concavity of —S(z) and L(z) and the non-decreasing nature of a; — b, (by the induction
assumption), argmax. f;(z) <argmax. fi11(2) = 2. Therefore, by the concavity of fi(-), fi(z) <

fi(zfyq) for z, > 2. Consequently, we can exclude consideration of z, > 2, ;.

Therefore,
Vi(z,0,8) = max. (p20 +p3)f/(z) +rp10—C(p)f — K(v) + aai 1 E[0i41] + aby 1 E[Bii1] + aciia |
2r 222y (@ 0)
0<p<1,v>0

where y~*(z,0) = ®((x — p10)/(p20 + p3)). Applying the same logic as in (43),

Vi(x,0,5) = (p2t +ps)z>33§xg; ) fi(2) +0(rpy + aap) +

B max (=C(p) + a(p(ars1 — be1) + bes1)) + acrsr + max(aap v — K(v))
0<p<l v>0

= a0+ b8+ cy,

for x < ys(z;,0), where a;, b, and ¢, are as defined in equations (17) - (19). Since z;,, =
arg max, (f/(z) — aS(2) (a2 — biga)), 2, > 2z; through the induction assumption (@12 — by2 >
a;+1 — b1 1) and again by the concavity of —S(z). Now,

a; = pymax fi(z) +aap +rpy

= po(L(2)) = aS(z]) (ars1 = bisr)) + aapgs + 7y,
which is increasing in ¢ since (1 —S(z)) >0 for all z and (a;y1 — b;11) is also increasing in ¢. Also,

by = m;mx(—C'(p) +ap(air — b)) +abi
= —C(p;) +ap;(ary1 —bip1) + abia,

which is also increasing along similar reasoning to a;. Now,
pi = argmax (=C(p) + ap(ars1 = br1))
so p; < p;,, from the induction assumption. Further,

ar — by = paL(2]) +1p1 + C(p;) + aarrs — by ) (1 — p; — p2S(27))
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< poL(2]) +1p1 + C(pf41) + @ — byr ) (1 — piy — p2S(27))
< poL(2}) +1p1+ C(pf41) + @z — byra) (1 — piy — p2S(2))
< szz(zt*ﬂ) +rpr +C(pf 1) + @iy —bepa) (1 — pi g —p2S(27,1))

= Q41 — bt+17

where the first inequality is due to the optimality of p}, the second inequality is because a;1 —b; 11 <
a¢y2 — byo, and the third is by definition of z; ;. Finally, a; — b, > 0 since a;11 — b1 > 0 and

1—p; —p2S(2) > 1—pyp —p2S(2;,) >0. Q.E.D.

Proof of Theorem 2
By definition, a and b simultaneously solve:

a = py m?X(L(Z) —aS(z)(a—b))+aa+1rp (44)
b= Ongag;(—C(p) +ap(a—>))+ ab. (45)

Let ¢, I', and A be some random realization of demand, non-backlogging proportions, and leaving
proportions, respectively. Define X (2) =@ !1(2) —e+T(e —®7!(2))" and Y (2) = AT'(e — @~ !(2))*.
From Herndndez-Lerma and Lasserre (1996) Theorem 4.2.3 the optimal stationary solution must
satisfy

V'(@,0,8) = max ((pa0+ps)L(2)+ 1m0 - C(p)3+

2>y~ 1(z,0)
0<p<1

aB[V*(y(X(2),0),0(1 =Y (2)) + R(p)B, (1 — R(p)) B+ Y (2)0)])

We first consider the relaxed problem where there is no lower bound on z. Substituting v (x,0,08)=

af 4+ b6 + ¢ into the right-hand-side of the relaxed version of the above equation yields

max (20 +ps) L)+ 1 — C(p)3+ alal0(1 = (=) + p8) + (1~ )+ S(2)6) + )

2,0<p<1
= (p20 +ps) max(L(z) — a(a—b)S(2)) +0(rp, +aa) + B max (-C(p) + ala—b)p+ab) +ac
= fOa+ pBb+c. o

Therefore, the optimal stationary policy for the relaxed problem is (zf(A*), py(A*)). If this solution
is also feasible for the original problem then it must also be optimal for the original problem. Let
z* = zy(A*), this policy is feasible if future inventory is less than or equal to the desired future
order-up-to point. Now future inventory equals (p20 + p3)(® ' (2*) —e+T'(e — ®!(2*))") and the

future desired order-up-to point equals

yr (27,01 =Y () + R(p)B) =1 (0(1 = Y (2")) + R(p)B) + @~ (") (p2(0(1 = Y (7)) + R(p)B) + ps)-
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If e <®~'(z*), so there are no unsatisfied customers, then Y (z) = 0 and, using the fact that demand

must be non-negative, the future desired order-up-to point is bounded below by

P10+ (P26 + p3) @ (2%) > (p20 + p3) (@71 (2) — ),

where the right hand-side equals future inventory (in this case). If e > ®~*(2*) then future inventory
is negative but, again using non-negativity of demand, the future desired order-up-to point is non-
negative. Thus, in both cases, future inventory is at most the future desired order-up-to point and

z* is indeed feasible. Hence, (z7(A*), ps(A*)) is the optimal stationary policy. Q.E.D.

Alternate (Weaker) Assumption to Assumption 12
A weaker assumption to Assumption 12 (which can easily be shown to be implied by Assumption 12)

is as follows.

ASSUMPTION 13. For all A€ [Al . Al 1 and A€ [A), AT T

min? —max min’ —mazx

—oﬂpéNgi(Z}(A))Q@‘(Z}(A))(g"(N} N7 (A)))? N @’ pyh! A1 (v7)* (N} (A))* Pr(e? > 23(A)) A7 (N} (A))

ni(A) ni(A)
where
n'(A) = AJ(AF (A))gi(25(A))(g' (A", A7 (A)))? + h'a® A'AY (') Pr(e’ > 25(A))
and
gi(Ai’ )\ij) — i _’_O[Ai)\ij,yi + B

The assumption arises from the need for |;2;T%(A)| <1 and the expression on the left will be

shown to be |;2:T%(A)| (see Lemma 5 in the Online Appendix).

Proof of Theorem 4
Let A* be the unique fixed point of the mappings T*(A), T7(A) (which exists by the given

assumptions and Lemma 4). Further, for any x, define the function
Vi(z,0,07) =a'0" +b'¢ +c'.

To show that (z}(A*),z}(A*),)\?(A*),)\?(A*)) form an equilibrium in stationary policies in

the infinite horizon discounted game, we must show that

Via',al,0',0') =eam .o |(ph0" +py)L'(2) — (030 +p3) A'(N) +1'pi 0" + aE[V' (2,1, 2] 4,070,

0<AIi<1

<1,

0,0
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where z is unrestricted due to our assumption that inventory may be drawn down costlessly.
Further, we must show that, for 2* <y} (z5(A*),0) and 27 <y} (2}(A*),607), 2}, <yh(2H(AY),00,,)
and ${+1 < y; (Z;(A*)’0g+l)'

We begin with the final point, which implies that a stationary state-independent order-up-to
policy is feasible for the system where inventory may not be removed costlessly. Pick 0 < z < 1. For
2t <z, xi, <y5(2,0;,,) (and hence z is also feasible in the following period) due to the following

reasoning. We have that
T = (Pafi +5) (277 (21) — &y +Tiler — ;7' (2)")
and
y;<27 92+1) :piaiﬂ + @;1(2)(1);92+1 +pé)-

If ¢} < ®;'(z), so there are no unsatisfied customers, then 6, , > 6 and, using the fact that demand

must be non-negative, the future desired order-up-to point, y}(z,@i +1), is bounded below by
P10 + @7 (2) (p20; + p3) = (920, +p5) (27 (27) — &),

where the right hand-side equals future inventory, z},,, (in this case). If €} > ®;"(z) then future
inventory, x},,, is negative but, again using non-negativity of demand, the future desired order-

up-to point, y4(25(A*),0;,,), is non-negative. Thus, in both cases, zj,, <y} (2,0;,,)

Now,

a'EO;, +b'E0,, (46)
= a'(0" — (py0" + py) AT S (=) + (8 + P NS (7))
O (67 — (00 + NS () + (ph0" + py) AT S (2)) (47)

Fixing the opponents strategy at (27, A\"),

max [(pggi +p5) L' (2) = (P30 + PR A' (V) +'pi6" + aE[V ()1, 201, 0111,0141)]
Z>y; t(xt,0%)
DA<
= (pp0' +p;) max [El(z) - Oé)\ijgi(zi)Ai*} + 6" (r'p! + aa')

2>y (2,07)

+(ph” 4 p}) max [—Ai()\ji) +a)\ji§j(zj)Ai*] +ab’b' + ac

= (ph0' +p%) max  M'(z, )+ 0" (r'p. + aa’) + (p¢? +p}) max BN 27)+ 6 ab’ + ac’
z>y 1 (2,6%) 0<AIi<1
where

M (2, A7) 2 Li(z) — aX9 S (2) A™
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and

BI(N,27) & — ATV + aX'§7 () A

However, z}(A*) = argmax.,, M*(z, A7 (A*)) for w < y; ' (27,0") and X} (A*) = argmax,<ji<; B'(A7, 24 (AY)).
Therefore, (z}(A*),)\?(A*)) is an optimal response to (z}(A*),)\’fJ(A*)) Q.E.D.
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Online Appendix - Not Intended for Print Publication

Establishment of Basis for Theorem 1
In the basis for induction, we need to show
o Vr(x,0,0) =ar0+brf + cr for x <y;(2y,0) and is bounded above by Vr(ys(z5,6),6,5) for
x>y (27,0);
® Zny S 275
e 0<ar—br<apy —bry1, ar <arqq, and by <bpyy.
However, the first and second bullets follow by arguments identical to those in the proof of Theo-

rem 1 with substitution of T for t.

Recall from Assumption 5,

pzi(Z;L )+Tp1
ar41 = W» (48)

bry1 = aary, and cpypq =0. (49)

So that,
ar4i — by = (1 - Oé)GT+1-
Further,
mr = 021351@(2) —aS(z)(ars1 —bri1))
ar = pamr + aariy +1rp1
by = max (—C(p) +ap(arss —bry1)) +abriy
0<p<1
cr = Iilggc(aaprlu — K(v))+psmr + acry.
Then,

T < D2 gz;kny) +aary +7rpr
_ (pL(z,,) +rp) (1 — @) 4 0)
(1—a)?
=arii(l—a(l—a))

< arq

Using the non-negativity of C(-) and then p <1,
br <aarir =bri.

Substituting p =0 as a lower bound,

br > abriy
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Further,

ar —by < pzli(z:w) +rp1+alaris —bryr)
= (1-a)’ari1 +a(l —a)ars
= (I -a)ary,

= ar4+1 — bT+1-

Finally,

ar —br > Pzi(z;y) +rp1 —ap2S(z;,, ) (ari —bria) + aarg
—(apr(arsr —bryr) +abryg)
= p2[~/(z:ny) +rpr+a(ary —bria) (1= p7 — p2S(27,,)
> 0.

Where the final inequality follows by Assumption 6. This has established the basis. Q.E.D.

Extension to the Proof of Theorem 1 When There is No Assumption on Initial
Inventory

Recall that y~!(z,0) = ®((x — p10)/(p20 + p3)). We define a function h(z,8) to be nonincreasing in
y~!(z,0) if for every (x',6"') and (x?,6?) such that y~!(z*,0") <y~ '(22,60?) we have that h(z',0') >
h(z?,6%). In lieu of the first inductive assumption for period ¢, 1 <t <T — 1, assume:

o Vii(x,0,8) = a10 + b1 8+ cop1 + huga (2,0), where hyyq(2,0) =0 for x <yy(2/,,,0) and is
non-negative and nonincreasing in y~'(z,0) (and is independent of ) for = > y;(2;,4,0).
This is a slightly stronger condition that implies the original condition. Is is true for the basis (by
assumption) with hryq(z,6)=0.

Consider the case where z; <y~ '(z;,0;) (i.e., ordering up to z; is not feasible). Then, analogous

to in the proof of Theorem 1,

Vi(2,0,0) = (p26 +ps) max  (fi(2) + E[hiy1(@e41,0:41)]) +0(rpr + aaer) +

22y~ 1(z,0)
501232‘11(—0(9) +a(pi(arir —be1) + b)) + e + rlrllgg(aatﬂu - K(v)).
If suffices to show that E[h;yq(z41,0:41)] is nonincreasing in the decision z. Then the concave
nature of f;(z) implies that f;(z) +E[hiy1(2111,0;41)] is minimized at y~'(z,0) (and hence ordering

nothing when above the desired base-stock is optimal). Further, define

hi(x,0) = fi(y~(x,0)) = fi(2/) + Elhe1 (241, 0041)],

where (z441,60;11) are determined by ordering up to y~'(z,0). Then V(x,0,3) = a;0 + b3+ ¢; +

hi(x,0). By combining the above with the previous analysis in the proof of Theorem 1 in the
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appendix, hi(x,0) =0 for < ys(z;,6). Further, it is clearly non-negative, independent of [,
and nonincreasing in y~'(x,0) (if we have shown that E[h; (2, 1,0:+1)] is nonincreasing in z =
y~H(z,0)) for x> ys(z,0).

Thus it remains to show that E[h;,1(2¢y1,0:11)] is indeed nonincreasing in the decision z;. Fix the
demand realization ¢,. If we can show for every realization of &, that y~!(z,,1,0;,1) is nondecreasing
in z, then, since h;,i(x,0) is nonincreasing in y~!(z,0) (by the inductive assumption), we have

that E[hy1(2¢y1,0:41)] is nonincreasing in z;. Recall that:

Tip1 = (]929t +p3)(@71(2’t) —er+ (e — @71<Zt))+)
Ori1 = 0; — (D20 +p3)AeLe (g0 — P71 (20)) " + Ri(pe) Be + Us(1r).

Then

Y (@41, 0041)
— & Tit1 —p19t+1
DP2biy1+ s
(P20, +p3)((1)_1(2t) —&+ (e — ‘I)_I(Zt))+(1 —pily)) —p1(0: + Ri(p:) Bi + Ut(%)))

=9 P2(0r — (p20: +p3)Aili(er — 71 (21)) " + Ri(pe) B + Ui(14)) + p3

If (¢, —®7*(2,))" =0 then this is clearly increasing in 2, (locally). Now suppose (g, — ®!(2;))* > 0,
then

(P20 +p3) (@71 (2) — ) (1 —=To(1 —p1Ay)) — p1 (0, + Ri(pe) Bi + Ut(Vt))> ‘

Y (g1, 000) =D <
(2l 4+ p3) (D1 (2e) — ) P2 ALy + P2 (0, + Ri(pe) B + U (1)) + ps3

Dividing through by (®!(z;) — ;) we can see that the numerator is increasing in z; and the
denominator decreasing in z; making the whole increasing in z;. As the function is continuous at

g;=®(z), the proof is complete. Q.E.D.

Proof of Lemma 1

By the definition of p;(A),
Clps(A)) —alps(A) < C(p) —alp|,_, =0.
Using S(-) > 0 and the definition of 2}, as the maximizer of L(-),
T(A) < pQ‘E(’Z:rLy) +1rp1 +alyrax,
where Ajrax is some upper bound on A. Thus, if a fixed point exists, A* =T (A*) and

A* < pzi(any) +rpr+alpax.



Olsen and Parker: Inventory Management Under Market Size Dynamics
4 Article submitted to Management Science; manuscript no. MS-01020-2006.R1

Thus we can let

p2L(2,,) +7p1 A
- N - Amama

(I-a)
which yields, for any fixed point A*, A* < A,,.. and we can restrict attention to A < A,,4.. Now,

for A >0,

AMAX =

h

pu— 1 e
2 (4) f—l—ozA’y}f\—l—h

< 1—— = Zmaz-

T+ alaz YA+ h
Further, for 0 < A < A0z,
pr(A) = C'~'(ad)
< Clil (aAmaac) = Pmaz-

If A <0 (which will actually be shown to be excluded) then z;(A) < 2y < Zmas and pr(A)=0<

Pmaz-

For A >0,
dzp(A) haXy 50
dA  (F+alyA+h)?

and for 0 < p;(A) <1, by the inverse function theorem,

dpg(A) _ «
in  Crps Ay

Thus, both z;(A) and p;(A) are nondecreasing in A and hence z;(A) > 27, for A > 0. Further,

T =g —aase))|  FEE o —ang| P
ol = poS(z (D)) — pr(A))

= a1 =paS(27(A)) = ps(A)) > (1 = paS(2;,,) = Prmaz) >0

where the equality follows since < [L(z) —aAS (z)}

) = 0 and, by the strict convexity of C(+),
2=zf A

=0or dpj;if) =0. Thus 0 < %(f) < 1 and hence T'(+) is a contraction

either ip [C(p) — alp]

d

p=pf(A) ~
mapping with a unique fixed point A*. Further, T'(0) = poL(z;,,) +7p1 > 0 and %(AA) > 0 implies

that A*>0. Q.E.D.

Proof of Proposition 1
Define G(A*) = A* — T'(A*). In preparation for applying the implicit function theorem, let us
differentiate G:

ai* G(A*) =1 p, aaz [i(z) _ aA*S(z)}

9z,(A") 0 . 9p; (A7)

z=zf(A*)
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—a(1 = p2S(zp (A7) — ps(A7))
=1—a(l —p2S(2s(A")) = ps(A*)) 20

Doy = L
— P 882 () —aas(a)] e=zp(a0) azgr )+p1+p23 L)
,  =mop-al-mEle-oTEan)Iz0 iz,
_%G(A*) 8hg(A) e ,
= oy [L(z) —aA"S(2) e L 4 pa ()
= —paB[(@(2/(A") ~ )] <0
—EG(A*) = gT(A*)
a _876 0z (A¥) 0
= poy_ | L() — al"S(2)| e L) b g £ - apa A AB[(e — 7 (5(A)
o = on(AAnE(E -7 (M) <0
— G = mg(m e
= py— |L(2) — aA*S(z i — apy A*VE[(e — @z (AT
Py | L(2) ()] B PR 87 (AT

= —apA"yE[(e — 271 (24(A%))) "] <0
0 0

~ 5 C(A") = 5 -T(A%)
9 13 ) 9zy(A*) | 0 \ Ips (A7)
= po— |L(2) —aA*S(z ————+ —[C(p) —aA —_—
p 828[ (=) @l I S A G I
P2 - L(2) + AT(1 = p2S(2;(A%)) = ps(A7))
= rpa(1 = 7)E[(e = 7' (24(A"))) ]+ A™(1 = p2S(2,(A%)) = ps(AY))
> rpa(1—=7)E[(e — @71 (24(A"))) T+ A™(1 = p2S(2my) = Prnaz) =0

Applying the implicit function theorem:

% oG * oG x  _0G * oG * G
8A:—§>0 aA:_E OA: oy 8A2—5< 8A_ oo~ )
oG = oG = oG = oG = oG =
or OA* Oh OA* 9y OA* 2 OA* da OA*
The optimal solution of the stocking level is:
h
A" =
2 (A7) T+ aAXyA*+h

Define g(A*) =7+ aA* Ay +h

0zp(A*)  haly
o8~ (g(anp "
0z;(A*)  h(l—a(l—7)) haXy OA*

T 7.  ER 177 R T
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0z;(A*)  —F—alA*Xy—h+h haXy OA*

oh = @d)? T on =
0zs(A*)  —hr(l—7)+hAyA* haly OA* -0
da  (g(A)? GA)E b =

where the final inequality follows from the sufficient condition in the theorem statement. The

optimal solution to the incentive decision is:
pr(A) = min(C'~ (A", 1).

Clearly, ps(A*) may adopt the value of 1 or a lesser (positive) value. Taking the derivative of 1
with respect to various parameters will yield 0, so we will hereafter assume p;(A*) = C'"~'(aA*)

for the remainder of this analysis.

Ips (A7) o
= >0
9Ar C(pg(AY))
Ops(A*) _ a OA* >0
o Crpg(A) Br ©
Ops (A7) a OA* <0
oh  Cllpg(a) oh =
Ops(A) _ a OA* <0
oy C'pg(A%) Oy
Ops(A*) _ a OA* <0
X~ Crpg(A) ox
Ops(A*) A* e OA* >0

o Cpy(A7) T C7p (A7) Do =
Q.ED.

Proof of Theorem 3
In the basis for induction, we will show (i # j)

o Vi(a',a?,0°,07) = ap0' + byp? + cr for a' < yi(2f,0°) and is bounded above by
Vilyy (21, 6"),27,0",67);

o i <2

o 0<al—b<ab,, —bh, ;and

o af <al,, and b, < bl .

Now,

aiTHEQiTH + biT+1E0%’+1

= af (0 — (P50 + p3)S* (2") + (D303 + p}) 57 (27))
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b4 (0 — (D307 4+ p}) S (27) + (D30 +15) S'(2))
= aiTﬂeiT - (p%&% +p§)5i<zi)(aiT+1 - biT+1) + biT+19% + (péé’% +pé)5j (zj)(aépﬂ - biT+1)

For period T,
20>y~ 1(xt,0°

(40 + ) (EH (") — () s — Bl 1))+ (g +71)0°
2i>y-1(at0) | +a(pa] + p3)S’ (Z])(a%+1 - sz+1) + O‘b%“+10%“ +acry,

V:/i(wi> ijv 91‘7 Qj) = max | [ (pé@i +p:23)f/l(zl) + sziei + a(aiTHEeiTH + biT+1E0§“+1 + CiT+1) ]
(~

Thus Vi(x',27,0°,67) = a6’ 4+ b4,607 + ¢ for o <yl (24, 0%). For a* >y} (25,6, Vi(a', 27,0, 67) <
Vi(ys(25,0"),27,0°,07) = a0 + b3.07 + ¢, by the optimality of 2i* in the above.

We have immediately from assumption 10,

4 . ziz % ini V(] —
aZT_H—sz_H: (p2 (Zmy>+rp1)( a) 2O
(1—a)?

Thus, from its definition, 2 > 2}7 . Further,
ay < pyLi(zyr,) +r'pi +aar,
(PoL! (zpmy) +7'P1) (1 — @) + )
_ (1—a)?
— (1= +0)

[
Ariq
From the recursive definitions,

i i i S BT
by < a(aTJrl - bT+1) +abr, =aap; =br,

by > aby,

ab. — b < péil(zf:y) +ripi+ Oé(aérﬂ - b%-‘rl)
= pyLi(z,) TP} +a(l—a)ar,,
QP T i a(l-a)
= (p2~L (zmy) +7r pl) <1 + (1a)2>
Pyl (zy,) 1Dy
a 1—a

i i
= apy —bpyy

ap —by > pyL'(27) +7'p) — alag,, —bpy)S'(27) +aary,

_<O‘(aiT+1 - biT+1)p%Sj (Zg"*) + O‘biTJrl)
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= py L' (zim,) + 791 + @y — b)) (1= p5S'(217,) = 9357 (211,))
> 0.

from assumption 10. This has established the basis.

For period ¢, assume (i # j)

o Vi (2ha7,0%,07) = aj, 0" 4+ bj 07 + ¢y for ' < yi(2)%,,0") and is bounded above by
Vi (0 (2451, 07),29,00,09) for @ > (265,,0°) :

o Zmy S 2

e 0<ap, —byy, <aj,—bi,; and

® ai,y <ag, and by g <bj,.

Along any sample path

V’i

_ i pi i pi i i i (ki
(zi e g )4 - 10y + bt—i—letﬁ-l + Crpr T S Yp(2, 0040)
41\ L i1 P15 Veg15 Ve j j j j

[ 7 7 J 7 7 i ik 7
<ap0i b0+ cy T > yf(ZtJrlv 0i.1)
i i i i J i J i i i J i e i (% i :
For z; < 2%, Vi (T @41, 0400 0140) = @iy O + 0540000 + iy i oy <w5(280,61). Which

is true due to the following reasoning. We have that,
i1 = (Pafi +05) (27 (21) — &y +Tiler — ;7' (=)")

and
y}(ZiL, 02+1) :pi9§+1 + @;1(2’211)(%9;“ +P§)-

If e} < ®;'(2}), so there are no unsatisfied customers, then 6, | > 6 and, using the fact that demand

must be non-negative, the future desired order-up-to point, y} (zfjl,eﬁ +1), is bounded below by
Pi0; + @7 (=) (020} +p3) = (P30; + P5)(®77 (=) — &),

where the right hand-side equals future inventory, z},,, (in this case). If €} > ®~'(2;) then future

inventory, x},,, is negative but, again using non-negativity of demand, the future desired order-

up-to point, y%(2{%,,0},,), is non-negative. Thus, in both cases, x},, <y}(2{1,,01,).

7 1%
For z; > 217,

i i J i J
E t+1(‘rt+17xt+170t+179t+1)
i i i j i
< a1 B0+ 0 B0+,

= ai+19i - (péﬁi —|—pé)5i(zZ)(ai+1 - bi+1) + bi+19{ + (p;O{ +p§)5j(25)(ai+1 - bi+1) + Ci+1- (50)
Therefore,

Fic i i i j i j
L'(z) + O[EV;H»l(xtJrh Tyt 9t+1’ 0t+1)
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< (p§9§ +p§)ft’(2§) + (O‘ai+1 =+ ripi)é?i + Oz(péeg —l—pé)S'j(zg)(ai+1 - bi+1) + Ozbi+19g + aci-i—la

where
fi(z) = L'(2) — aS"(2) (a1 — biy)-
By the induction assumption, argmax, f;(z) < argmax, f/,,(z) = 2%, where the inequality follows
from the concavity of —S(z) and Li(z) and the non-decreasing nature of ai — bi. Therefore, by the
concavity of f{(z), f{(z}) < f{(z{%,). Consequently, we can exclude consideration of z; > 2% .
Therefore, applying the same logic as in (50),

‘/;i(xi’xj’ Hi’aj) - (p;@i—i-pg) Z>yrﬂ%§ o0 f;(z)+(aai+1 +rip”i)6§—i—a( 93 +p3)5]( )(atJrl th)—i-ozbiHHi—l—aciH

Now,

o = arg max {L'(=") — alal,, —bi,.)S'(=) | (51)
ai = phL'(=") — aph(ats, —biy)S (") +7'p} + aal., (52)
b = ap2(at+1 t+1)S] (7 )+abt+1 (53)
¢, = PsLl(zl ) —apilag, — b)) ST (7)) + O‘pé(ai—&-l = b )87 (27) +acyy, (54)
aj = py(max(L(z) — aS'(2)(aj,y — b)) +aap, +1'p; (55)
= py(L'(2)") = a8 (2" ) (@141 — biy)) +aap, +r'p) (56)
which is increasing in ¢ since (1 —S%(z)) >0 for all z and (aj,, — b}, ,) is also increasing in .
b, = ap%(aiﬂ —bj1)S7(27) + abyy, (57)

which is also increasing along similar reasoning to al. Further,

—b; = pQLZ( )+a(at+1 bt+1)(1 — 58" (21") —péSj(zg*))
< plQLl(th )+ a(aH_Q - bt+2)(1 —p5S'(2,") S (Zi*))
< péiz(%?il) +afags = b)) (1—p5S*(21) —p%Sj(zgil))
=y — by
where the first inequality arises via the induction assumption since 1 — piS%(2i*) — piS7(2)*) >

1—pbS(z),) — phSi (z07,) >0, and the second inequality arises by the definition of z;%,. Finally,
—bi >0 since 1 —p}S(2i*) — p3S7(2]*) >0 as above. Q.E.D.
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Proof of Lemma 2

Begin by observing:

5'(z) = VEl(e' — 2;'(2))"]- 58
05'(2)/0z = =" Pr(e' > ®(2)) /¢4(2) 59

(58)
(59)
g (A NT) = 7 + ANy + R (60)
(61)
(62)

dg' (AF,N7) JONT = aAly! 61
dg' (A, N7) JOA" = a4 62
Define 4
AN =1 — T
A8 G(ATN)

So that, for fixed A’, Z;(A’, V) is the z-response function. Then,

OZH (AT, \V) _ h'Og (A", X7)JOA"  haXiy'

AT (G N (gAY
and _ o
DTN oG (AN N WAt
Define

J

NI(AT ) = A (aAfSi(zi)) .
Then, for fixed A7, S\?(Aj, z") is the A“-response function, if this response is less than one. From

the inverse function theorem,

ONJ (AT, 2)  aSi(2Y)
dAI AY(NF (A9, 20))
and . &
(M) ol 95() | —aliyPr(e > 07(2))
dz AI(NF(AF,27)) 02 AJ(AF (AT, 29)) ()

As the partial derivatives of the response functions are of opposite signs there exists a unique

solution to equations (40) - (41). Q.E.D.

Proof of Lemma 3

We wish to find bounds on:
TH(A) =ph(L'(25(A) — AN (A)S (24 (A))) +7'p) + A" +pl (AT (N (A)) — aA N (A) S (24(A))).
Note that, by definition of A}'(A),

A(N(A)) — AN (A)S (2 (A))
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< AI(N) — aAINISI (2 (A))
— —aAF(z7(A))

AJi=0

Using )\ifj(A),gi(-), S9(-) >0 and the definition of 2
T (A) <p2Ll( ;ny) +T pl +OKA1 <p2Ll( :ny) +T pl +aA?maa,
where A’ is an upper bound on A’. Thus,

Afmaax <p2Ll( 1l’ny) +T pl +aA:naa:

or we can let
pZLZ( fny) +r pl

A:nax -
1—
Now
i h
zi'(A) =1—— N i) .
7+ Ay (A) + R
hi
<1-——= - - -,
=~ Tz‘f’OCAinaz’Yz"i‘hz
Then, for
i e
z = .
meE T al

< min (A ot (ozAj Si(z )) ,1) A\

TH(A) = py(Li (2 (A)) — aA'NF (A)S'(z
P (AT (N (A)) —aAN (A )5*
> Py (L (2),) — aAAY (A)S'(2),,)) +7'pi + i’
5 (AT(NF (A)) = aA N (A)S (27 (A)))
> ph(Li(2,,) — aA NS (2,) + 7Pl + aAT — ap AN

max max

2/ (A))) +r'p) + aA’
(z7(A)))
)

= p2Ll( Zny) + 7’ pl + O[Al(]' pQA:gLaxSi(Zrin ) )\‘Zviaa:S] (’27]713;))

Thus if 1 —pjA9 . S'(zk,,) — phA,, 57 (22,,) > 0 then let

max max

i p’zfﬂ(zﬁny) +rph
min 1 —plz)\;r]zawgz(z:ny) —p;A%axgj(Zgny)
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else let A}, .. =0. Then,
. . . /_1 Lo~ .
A9(A) = min (Aj (aAJs"(zfl(A))) ,1)
. 14 . Zi .
> min (477 (08,8 (2h0) ) 1) = A

Q.E.D.

LEMMA 5. Define,

n'(A) = AJ(NF (A) (2} (A))(g' (A", A7 (A)))? + h'a? AN (v') Pr(e' > @77 (25(A))),

then
a)gA(jA) _as (%Fé))@(?ﬁi&))@ (A%, A7 (A))) -0 (64)
02:(A)  hiay AT (A) AT\ (A))
5Ai - 4f ni(A) : %0 ()
azafx) - (;ﬁii;)Aj DIAD (66)
Further,
ST (8) = all - P (A)S'((A)) ~ PN (A)S7(2} (A) (67)
PyRI QP ATAT (1) S (2 (A))AT (A) Pr(e’ > &1 (24(A)))
i S | )
PhhI QP ATAII N (A)Y ST (2 (A)) Pr(e? > @71 (21(A))) A7 (M (A))
" ni(A)
O iian  —OPPLAIS (25(A))%¢i(25(A))(g' (A, A7 (A)))?
S /-y ‘, (69
a?phhi AT (7)2 (X} (A))? Pr(e? > @71 (25(A))) A7 (A} (A))
+ (D) ‘

Proof of Lemma 5
Let us define:

G(A", AT NT) =\ — A;_l (aAjgi(Z}(Ai, A”)))
From the implicit function theorem

OA? - 9G

O\

,\ij:Ajj(A)
We first compute the appropriate partials as follows.

9ZY(AY N

— J 22\ )
alA : PN

0z
O G(ar, a0, ) = L
Aj ()‘f (AJ,Z}(Az’)‘ZJ)))

zi::z'j', (AN

OA?
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B hiazAj(,yi)2)\ij Pr(z’;‘i >@;1(§}(Ai,)\ij)))
ALV (AT, ZH(ATND))) 3 (25 (A7, X)) (g (A7, A7)

_ Sz i Ai’)\ij
iG(N O i G iC ST
OAI AN (A, 20 (A7 N9)))
; 98z az}mfiw)
8 A 0zt zizii (AZ )\Z]) oY
—G(Al A7 )\”) =1- PYECT e
AN AT (AT, 24 (A7, Ni9)))

L NN P 8 (5 (A1)
AT (AT, (AT N0))) (3 (A5, X)) (g (A7, N2

Thus

ONI(A)
OA
_ G
OA*
oG
X7 i (A

—RiQ2 AT (412N Pr(e’ > &; 1 (ZL(AT, A1)
AR (AT, 25 (A, X)) 655 (AT, A0)) (g1 (AF, X0))? + a2 AT A (1) Pr(et > ®; ' (25(A1, X))
A (12N (A) Pr(e’ > @7 (2/(A))
AYNT (A) 6427 () (g (AL AT (A))2 1 hia?ATAI (71)2 Pr(e > @, (/1 (A))

Aijzxiff(A)

and

N} (A)
QNI
_ 909G
OAJ
oG

ONT | yij—rid
NI =7 (A)

S (24 (AL, X))y (Z(AT, A7) (¢ (AT, A7) )?
AY(NF (AT, 2 (A7, N9))) i (2 (AT, N9)) (g7 (A7, X9))2 + hia2 ATAT (71)2 Pr(et > ;7 (2(A7, A1)
S’ (2 (A)) iz (A)) (g (A", A7 (A)))?
T AN (A) (27 (A)) (g (AL AT (A))2 + hia2 AN ()2 Pr(el > 071 (24 (A)))

SEONIVAY

Define:
o , hi
HA" A 2 )=2" — 14+ —————
g7 (AT, NF (A7 27))
where

N(AT 2Ty = A (aAigj (zj)) .
From the implicit function theorem

0z(A)  — 5%

OHAI OH

0z

zj:ij(A)
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We first compute the appropriate partials as follows. As previously, from the inverse function

theorem, N
ONI(AL ) a8i(x)
OAT AN (A 20))
and o
ON{(A",27) al’ 959(z7)  —aA'yI Pr(e? > ;' (27))
02! A (N (A1 27) 02 AN (@ALz))
Recall,
GA N =7 +aN Ny + 1,
so that,
0 BT AT, 2)) = anini L RH(A 29)
P A A A P el ,
 —PATN () Pr(e? > @5 1(27))
- A7 (N (A1, 29))
o . I
J J Jr v, — JAd )\ LIPW)
B QQAJVJSJ(ZJ)
5 A7 (X (A7, 27))
S50 (AT (A, 2)) = ey N (A%, )
Thus,
S hidgi (AT, N (A, 27)) /927
D g Ay 1 OSSN (A 2) /02
0z (97 (A9, N} (A7, 27)))?
- @?hI ATAT (y9)? Pr(e? > 51 (27))
LAV (A, 29)) (5 (A, AT (A, 29))) (g7 (A9, AT (A, 29)))?
S —hIAgi (AT XA 27)) JONT
8 'H(A17AJ72J) = g( . ~jJ:( ; Z>)/
aAJ (g] (AJ, )‘f (Aza Z{)))Q
B —h?ay? N (AT, 27)
61 (A) (AL )9 (A 3 (A7, 2)
o _RAgH(AT, V(AT 2)) DN
0 pr(ai, i iy = OIS (0 2)))
9A (97 (A7, Xf (A%, 29)))? )
B —a2hi NIy §i (27
AL (N (A7, 29)) ¢ (23 (AT, N (A7, 29))) (97 (A7, X (A, 27)) )2
9247 (A)
OIAY
_OH
_ __9AJ
oOH

9zJ zj:2fj(A)
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_ W andXj (A, 29) A7 (N} (A7, 27))

AL (A% 2) 5 (3 (A X (A, 29)))g? (A, 3 (A% )+ @2 AN ()2 Pr(ed > @, () |,
S W and X (A) A1 (A (A)

AY (N (B));(2p7 (A)g? (AT, X (A)))? + a2h A A ()2 Pr(ed > @5 (27 (A)))

0257 (A)
AN
_OH
OA?
OH

929 zj:z]cj(A)

a?hI iy S (29) AL (N (AT, 27))
AN (A%, 27)) 3 (FF(AT, N (A7, 29))) g3 (AT, N (A7, 29)))? + a2hi AP AT (39)? Pr(ed > & (27)) eai(A)
_ a’h? ATy S7 (257 (A)) A7 (N} (A))
AV (D) (27 (A) (g7 (AT, N (A)))2 + a2hi AL A ()2 Pr(ed > @5 (2,7 (A)))

Now,
o .
T'(A
0%% & dz,(A)
. ~. ~ z
— (3 . L’L Ty Al Z]A K2 7 f i
Ph 5 | L'(2) = ad'A7 (8) ()] n OB
. R R ON'(A)
] Az Je\ Az Jt QJ 1 A f
b 5o ATV — ad NS (2 (A))] iy OB

+a(l = puX ()5 (2 (A)) = pIAT (D)5 (2 (A)))

oo\ (A o Gi (2,9
—on A5 (e (A 2L i a) 2L (A)
s i E o imi i OAT(A)
= a(l=pAY (A)S (21" (A)) = pa Xy (A)S (277 (A))) — app A'S" (25 (A)) —5 1
0z (A)

A AN (A)y Pr(el > 2 (A)) L
= a1 - PN (A)S (2, (A)) — PN (A)SI(z(A)) |
L PNOSAN(PS (s (AN (A) P > 9 (5 (A)))
A7 (8)) (2 (A)) (g (AL X () + hia? A (2 Pr(et > @, (21(A)))
L BWOAAYN (AN (2 (A) Pr(e > B (=7 (A)) A (A)
AL ()65 (279 () (9 (AT, X (A))? + a2 hi AT A (79)2 Pr(ed > ®; (277 (A))

Thus, -2;T*(A) > 0.

I YN
o .,
% - 0z (A)
. ~ . L ~. . z
ot L% — Az ¥ A % f
. R R ONI(A)
] Az Jvy Az 7t QI 7 A f
+ P A7) — aA NS (27(A)) PPN
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i AG Qi j a)‘ij(A) i A\ Ji &gj zp (A
—pa§ () T appanag(a) 2HELR)
o ONT(A) T gL (A
= P S (o (M) T AN (A Pr(el > 20 (A) LY

0y AN(S (2 (A))) 6,2 (A)) (' (A, AV (A)))?
A7 (A6 (8)) (g (AT X7 (M) + ha? AT A (7)? Pr(ei > B, (24(A))
L BWAPOF(A)PE > 87 (M) ALY (A))
AL (8))6; (2 (B) g7 (AN (A)))? + a2 AT A (19)? Pr(ed > 8 (277 (A)))

(
)

Substituting in n’(A) and n’(A) yields equations (67) and (68). Q.E.D.
Proof of Lemma 4
We wish to show:
0 )
T (A 1
oA L (A)] <
which with | ;%577 (A)| < 1 are the conditions necessary for the model to be a contraction mapping®.

This follows immediatedly from assumption 13 and Lemma 5.

We now show the result under assumption 12. As the first term of %Ti(A) is negative and the

second is positive

9 Py AT(S' (211 (A)))?dilz (A)) (g' (AT, AF (A)))?
‘8AJT(A)’§maX< () ! ;
@i A () (AF (A))* Pr(e? > 95 (2/7(A))) AY (M (A))
ni(A)
Thus, it suffices to show that,
n'(A) — a’ P A (S (24 (A))) iz (A))(g' (A, AT (A)))* >0 (69)
and
I (A) = a®phh? A (7P (A (A))? Pr(e? > @5 (27 (A))) AT (N (A)) >0 (70)
Recall,

n'(A) = AT (A7 (A)¢i(z;'(A))(g" (A", A7 (A)))* + o ATAT (') Pr(e’ > @7 (2(A))),
Therefore, a sufficient condition for (69) is that
APy AT (S (21 (A)))? < AT (A (A))

for any vector A. This is guaranteed by assumption 12. Two alternate sufficient conditions for (70)

are that

A > py(N] (A))2 A7 (N (A))

4 These definitions collectively are identical to having a spectral radius less than 1 for our two player game.
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i (27 (A) (¢ (A7, N (A)))? > @®pyph? A (7P (A} (A))? Pr(e? > @ (27 (A))).
But
(¢7 (A7, X5 (A)))? > 21 a NIy XY (A))

so for the latter condition it suffices to show
¢;(zf7 (A))247 > ap) A7 X (A)) Pr(e? > @7 (2,7 (A))).
Assumption 12 guarantees this. Q.E.D.

Proof of Proposition 2

Taking the contraction mapping for firm ¢:
T'(A) = py(L'(24(A)) = aA' N (A)S (25(A))) + 7D} + @A +p3 (AT (M (A)) — AN (A) S (27(A)))

we can construct the function G(A)=A"—T*(A). From Lemma 5

0zH(B8) 0z o 0a(A) - 0:5(A)

ik o) b oa)
f ! f
on =0 Toar 70 Toar 7% Toar <

which are used in multiple locations to establish the signs of various partial differentiations. We

differentiate GG in preparation for applying the implicit function theorem.

. ~ o - 0zt
aiiG(A) =1-p} a‘; |L(z) = adAF (8)5'(2)] N afé?)
Y R ONI(A)
—ph =2 [A(W) — AT NI (] A
p 8)\31[ (A NS f(A))} {ji:/\?f'i(A) OA
a1 - PNV ()5 (5 (A") — N (A)S (4(A))) “
S 2 0z oN? (A
+ apjainj(a) 22 L) T2 s pai§i(a) 20D
2i=20(A)
= 1—a(l— P ()5 (25 (A%) — AN (A)F(4(A))) )
+ apéAiA?i(A)is (8;( ) 832?) —i—ap;A"S'i(z}(A))a)gA(iA)
~ 1o (1@ an) (1 MO HE AN
o) 8 pa) - a2 AN

0A? -
which is true due to the condition in the Proposition statement.
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0 0
— A) = A
S 5 (24(A) /A)
;0 = i 057 (23 (A 0z (A
= D2 8T1L(Zf(A)) +p1 Oép2A >\j (A) T o Oy
B 2772‘}(A)
Lo ON? (A)
A (24(A)) L
, . o , . dz}  d\Y
= —ph(1—a(l—¥)E[( ~ 25(A) "]+, >0  if p} > p} since % =L =0
orJ O 4
S _ _ L 0z;(A)
:apéAl)\”(A)'yJPr(57><I>j (27(A))) 577 >0
0 0 - ) . )

— A) = i L'(z5(A)) = —pE[(z4(A) =) T <

o VA = Rt (A | )
B —oszAZ/\gf(A)yj Pr(e? > @;1(2}(A)))(fj —I—ozAj)\Jf’(A)'yj) <0
) 5 (25 (A))[g7 (A, X} (A))]? B
-——GA)=—T(A
5G(8) = 5-T(A)
= P P L(z;(A)) — ap, AE[(e' - 25 (A)) TN} (A)
o oN7(A)
PRl S (A) —5—
— —rphaB[(E — £ (A)*] - apAE[(E — £ (A))F 1AV (A)
o ATS (2 (A)aAE[(e" — 24 (A)T]
Aj(A7(A)) -
Applying the implicit function theorem:

Al -9 Al -2 A -2 N N
81':82 20, 67': s 20, aiza?;h <0, 6-—8(Zﬂ§0’ 871-: a@ <0.
or OA? r? OA? oh OA? Oh? OA? 9y OA?

And similarly,
dz;}(A) B R (1—a(l—7%)) 82;(A) OA®
A g(24(A))[gi (AN (A)F T 0AT ort T
dz}(A) B 82}(A) OA? 0 o dz o
i oA o~ TP T |
dzp(A) (7" +aAAF (A)Y) 02;(A) DA
d?i | (z)z(z(f() DIg (AN (A)]F - OAT Oht —
dz (A 0zt AN’ dzt
f — f < : —
céhj AT O _0‘ since 1 0
dX;(A) _ aS(z4(A)) 9A!
dr T A(a) o
dXy (A) _ aSi(27(A)) OA
dr T A (A)) O
d)\}l(A) _ ozSJ(z}(A)) OA' <0
an T AN (A)) oh
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dAjf(A)

_ a7 (2] A

OA’

dhi

AN} (A)

<0

A//()\J A ohi —

dy?
Q.E.D.

)
(A))

B aSJ(zf(A)) 8A1 S
(A)) 0

A//(}\]l A



